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ABSIHACT 


Ttie  purpose  of  this  study  is  to  investigate  various  means  for 
improving  the  efficiency  of  0-type  backward-wave  oscillators.  Several 
means  are  coxisidered  here  namely,  circuit  phase  velocity  tapers,  voltage 
gradients,  prebunched  beams  and  depressed  collectors. 

The  effect  of  nonuniformities  in  the  circuit  phase  velocity  and 
beam  potential  on  the  efficiency  and  start-oscillation  conditions  of 
0-type  backward -wave  oscillators  is  investigated.  !Ihese  nonunifonoities 
include  linear,  quadratic  and  exponential  circuit  phase  velocity  tapers 
and  linear,  quadratic,  exponential  and  siniUBoidal  beam  potential  vari¬ 
ations.  The  start-oscillation  conditions  were  obtained  by  solving  the 
characteristic  equations  on  an  analog  computer.  This  method  was  found  to 
be  very  convenient  since  the  nonuniformity  coixld  be  easily  applied  at 
any  point  along  the  length  of  the  tube.  A  coupled -mode  theory  is  also 
employed  to  study  the  effect  of  weak  circuit  phase  velocity  tapers  on  the 
start-oscillation  conditions .  It  is  shown  that  for  very  weak  tapers  a 
closed  form  solution  can  be  obtadned  through  a  WKBJ  approximation.  The 
results  of  this  theoi*y  are  in  good  agreement  with  those  obtained  by  the 
analog  computer  method. 

It  is  shown  that  under  certain  conditions  the  start-oscillation 
current  in  a  nonuniform  backward-wave  oscillator  could  be  lower  than  that 
of  a  uniform  one.  It  is  also  shown  that  under  certain  conditions  no 
oscillation  can  take  place.  This  characteristic  can  be  exploited  as  a 
meens  of  suppressing  backward-wave  oscillations  in  forward-wave 
traveling -wave  amplifiers. 

The  effect  of  a  sinusoidal -beam  potential  variation  which  is 
Inherent  in  electrostatically  focused  backward -wave  oscillators  is 
investigated.  It  is  shown  that  a  slight  increase  in  the  start-oscillation 
current  results .  The  increase  depexids  on  the  focusing  lens  strength  aid 
on  the  d-c  focusing  period. 

The  effect  of  circuit  i^ase  velocity  tapers  on  the  efficiency  of 
backward-wave  oscillators  is  investigated  through  a  xx>nlinear  analysis 
and  the  resulting  set  of  partial  integro -differential  equations  are 
solved  on  an  I'M  7090  digital  computer.  A  set  of  circuit  phase  velocity 
tapers  throxagh  'vdxich  idiase  focusing  can  be  achieved  are  derived  for  Ideal 
conditiozis.  The  application  of  these  tapers  to  actxaal  situations  is 
shown  to  yield  higher  efficiencies  in  the  device.  The  efficiency 
enhancement  d\ae  to  tapering  is  found  to  depend  on  the  operation  conditions 
of  the  untapered  oscillator. 

The  nonlinear  analysis  is  also  employed  to  determine  the  effect  of 
a  sinusoidally  varying  beam  potential  on  the  efficiency.  It  was  found 
that  for  certain  yalvmu  of  lens  strength  and  d-c  focusing  period  the 
efficiency  is  higher  in  the  sin\isoidally  varying  beam  potential  than 
that  of  a  uniform  tube  whose  beam  potential  is  equal  to  the  average 
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potential  of  the  former  one  *  However,  for  certain  values  of  lens 
strength  and  d«c  focusing  period  no  oscillation  condition  could  be 
dete3rmlned  • 

Since  In  the  nonlinear  calculations  the  energy  state  of  the  spent 
beam  is  easily  obtainable,  the  effect  of  depressed  collectors  on  the 
efficiency  of  the  device  can  be  calculated.  This  Is  done  in  this  study 
and  it  is  shown  that  high  efficiency  improvement  factors  can  be  achieved. 
These  improvement  factors  depend  on  the  operating  conditions  of  the 
oscillator.  The  optimm  potentials  of  the  depressed -collector  segments 
are  found  for  different  operating  conditions . 

Ihe  effect  of  prebtmched  beams  on  the  start-oscillation  conditions 
and  efficiency  is  also  investigated.  It  is  shown  that  the  start- 
oscillation  length  can  be  considerably  decreeised  by  using  a  prebxmched 
beam.  !Ihe  efficiency  can  be  considerably  improved  by  employing  a  pre¬ 
bunched  beam  in  connection  with  a  tapered  circuit;  the  degree  of  improve¬ 
ment  depending  on  how  well  an  electron  beam  can  be  bxmched. 

An  S-band  experimental  EWO  was  biiilt  where  a  linear  velocity  taper 
was  incorporated  into  the  tape  helix  slow -wave  structure.  The  results 
from  this  oscillator  agree  qualitatively  vdLth  the  theoretical  predictions. 
Interaction  efficiency  improvement  factors  of  approximately  1.2  to  2  to  1 
over  the  frequency  band  of  2.0  to  4.0  Gc  have  been  obtained. 
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CHAPTER  I.  STATEMENT  OF  THE  FROMEM  AND  LITERATURE  SURVEY 


l.l  Introdwtlon 

The  0-type  backirard-wave  oscillator^,  or  as  called  by  the  French^ 
"O-type  Carclnotron"  Is  a  very  io^ortant  and  widely  used  device  in  the 
generation  of  r-f  power  from  uhf  up  to  and  Including  nilliineter  wave 
fjrequencies .  It  can  be  continuously  fre>juency  tuned  or  nodulated  at 
fast  rates  owr  a  very  wide  band  of  fre<iuencies  by  electronic  methods. 

The  operation  of  the  oscillator  depends  on  the  interaction  of  an  electrcm 
beam  with  an  electroeiagnetic  wave  iriiose  phase  velocity  is  in  the  direc¬ 
tion  of  electron  flow  and  \du)se  group  velocity  is  in  the  opposite 
direction.  Such  cm  electromagnetic  wave  is  called  a  "backward  wave". 

All  periodic  structures  such  as  the  helix,  interdigital  line,  ladder 
structures  and  othezs  do  support  such  backward  waves.  A  schematic 
diagram  of  a  backward-wave  oscillator  is  shown  in  Fig.  1.1. 

The  buildup  of  oscillation  can  be  briefly  described  as  follows. 

If  a  pulse  of  noise  at  a  certain  frequency  f  develops  on  the  slow-wave 
structure  at  the  collector  end  of  the  tube,  some  of  this  energy  will 
propagate  toward  the  gun  end  of  the  structure  or  the  output  end.  If  an 
electron  beam  is  present  whose  velocity  is  slitfitly  greater  than  the 
phase  velocity  of  the  circuit  and  flows  in  the  same  direction  as  that 
of  the  phase  velocity  some  of  the  kinetic  energy  of  the  beam  will  be 
converted  into  r-f  energy  and  thus  the  energy  at  the  output  end  will  be 
increased.  The  energy  at  the  output  end  produces  velocity  modulation  of 
the  incoming  electron  beam;  this  velocity  modulation  is  converted  into 
current  modulation  at  the  collector  end  of  the  tube.  The  current  modula- 
tJon  induces  energy  on  the  circuit  which  travels  back  toward  the  output 


•1‘ 


•3“ 


end.  The  increased  energy  at  the  output  end  produces  further  hunchixig 
and  so  this  cycle  Is  repeated.  It  Is  obvious  that  this  device  is 
inherently  regenerative  even  when  the  circuit  is  perfectly  natched  at 
both  ends  (i.e.,  the  regeneration  does  not  depend  on  reflections  fron 
the  ends  of  the  structure) .  It  is  now  fairly  obvious  that  for  low  beam 
currents  regenerative  amplification  occurs.  This  amplification  is  very 
narrow  band  but  the  center  freq.uency  can  be  tuned  over  a  vide  frequency 
range  by  merely  changing  the  beam  voltage.  This  is  due  to  the  fact 
that  bauskward  waves  are  dispersive  and  thus  changing  the  beam  voltage 
will  maintain  the  electron  velocity  approximately  aynchroiouB  with  the 
phase  velocity  at  different  frequencies.  If  the  beam  current  is  Increased 
above  a  certain  value  then  the  tube  will  oscillate.  The  oscillation 
frequency  can  in  turn  be  controlled  by  changing  the  beam  voltage. 

the  operation  of  the  backward-wave  oscillator  is  similar  in  many 
respects  to  that  of  the  forward -wave  ampUfLei^.  However,  the  forward- 
wave  amplifier  is  a  growing-wave  device  while  the  backward-wave  amplifier 
and  oscillator  are  beating -wave  devices.  A  forward-wave  amplifier  can  be 
made  to  oscillate  by  using  approjurlate  feedback  circuits,  although  this 
results  in  discrete  modes  and  thus  in  a  discontinuous  tuning  curve.  In 
order  for  an  oscillator  to  stay  in  the  same  mode,  it  must  have  an  Integral 
number  of  wavelengths  around  any  feedback  loop.  This  condition  is 
automatically  satisfied  in  the  backward-wave  oscillator  but  is  difficult 
to  satisfy  in  forward-wave  oscillators.  The  condition  for  gain  is  that 
the  electron  beam  velocity  must  be  approximately  equal  to  the  phase 
velocity  in  the  circuit  and  this  fort\inately  makes  the  net  length  of  any 
loop  in  the  backward-wave  oscillator  zero  wavelengths  which  results  in  an 
automatic  mode  selectloi  mechanism. 


Forward'wve  npUfiers  uw  more  efficient  then  beckifard>vave 
devices,  both  oscillators  and  amplifiers.  This  Is  because  In  the 
forward-m''e  amplifier  the  circuit  field  Is  strongest  when  the  beam 
modulation  Is  strongest  while  in  backward-wave  devices  the  field  Is  weak 
idiere  the  density  modulation  Is  strong  and  vice  versa.  This  results  In 
a  smaller  Interaction  efficiency  In  a  backward-wave  device  than  that  In 
a  forward -wave  device. 

1,2  Literature  Survey 

The  start -oscillation  conditions  In  unlfoxn*'  backward -wave 
oscillators  have  been  analyzed  extensively  both  theoretically  and  experi¬ 
mentally  by  several  authore^*®**»®*®^^^®»®^^®.  In  these  tmalyses, 
small-signal  conditions  were  assumed  and  so  the  equations  describing 
the  behavior  of  the  oscillator  can  be  linearized.  These  conditions  do 
apply  at  the  onset  of  oscillation.  Grow  and  Watkins®  and  Johnson®  have 
made  estimates  of  the  efficiency  by  using  the  linear  theory  and  assuming 
certain  values  for  the  ratio  of  fundamental  r-f  current  to  the  d-c  cur¬ 
rent  In  the  beam.  The  chcnacterlstlcs  of  the  operating**  backward -wave 
oscillator  can  only  be  detexnlned  from  a  ncxiUnear  analysis  of  the  device 
since  It  Is  the  nonllnearltles  liiat  ultimately  detenilne  the  output  levels 
and  frequency.  IXie  to  the  severe  bunching  effects  shown  theoretically 
by  Sedln^®  and  experimentally  by  Gewartowskl^®,  a  hydrodynamlcal  ipproach 
using  nonlinear  equations  %Knild  not  be  valid.  Rowe^  and  Sedln^®  have 


*  A  imlfozn  tube  Is  (»ie  in  which  the  beam  potential  and  circuit  phase 
velocity  are  constant  along  the  length  of  the  tube. 

**  An  operating  backward-wave  oscillator  Is  one  which  Is  operating  at 
currents  well  above  the  start -oaclUatloa  current. 


employed  a  ImgraDgian  fonulatioo  to  atudy  tbe  eharmcterlatics  of  tbe 
operatlog  baclwazd-vave  oaclUator. 

As  to  noQunlform  tubes  the  fonmzd-«ave  snpllfier  has  received  a 
great  deal  of  attention.  Theoretical  and  experimental  work  on  circuit 
phase  velocity  tapered  and  voltage  gradient  amplifiers  has  been  reported 
by  several  authors^*’^®'^*'^'^.  Efficiency  Improvement  and  hlc^r  satura¬ 
tion  power  outputs  have  been  obtained  in  such  forward-wave  amplifier tubes. 
As  to  nonunifonn  backward-wave  oscillators,  nothing  has  been  reported  on 
the  efficiency.  D.  V.  Geppert^^  has  briefly  considered  circuit  velocity 
tapers  neglecting  space  charge.  He  predicted  that  for  "one  direction  of 
taper  the  start  oscillation  CH  is  reduced  for  backward-wave  oscillators". 
He,  however,  did  not  say  what  direction  or  fom  the  taper  must  have  for 
this  to  be  true.  He  eOeo  considered  the  possibility  of  backward-wave 
oscillation  suppression  through  a  velocity  taper.  Bevensee^^  recently 
investigated  the  effect  of  weak  linear  tapers  on  the  start -oscillation 
conditions.  He  employed  coupled -mode  theory  and  neglected  the  fast 
space -charge  wave.  This  will  be  discussed  further  in  Chapter  II,  where 
this  author  has  also  investigated  the  start -oscillation  condltlois  of  a 
tapered  backward-wave  oscillator  in  a  similar  manner. 

1.5  Statement  ^  the  Problan 

The  interaction  mechanism  and  thus  the  mechanism  of  exiergy  carver- 
sion  from  kinetic  energy  of  the  electjrans  to  r-f  energy  of  the  wave  is 
very  similar  in  the  forward-wave  amplifier  to  that  in  tile  backward-wave 
oscillator.  The  ideal  condition  for  this  energy  converelcm  is  lAen  the 
beam  velocity  is  iqpproKlaately  synchronous  with  the  phase  velocity  on 
the  circuit.  For  a  uniform  circuit  the  phase  velocity  is  constant  along 
the  length  of  tiie  circuit,  and  thus  idien  some  of  tiw  1m«s  energy  is 


coaverted  Into  r-f  poHer,  the  electrons  must  slow  down  and  thus  "fall  out 
of  phase"  with  the  electronagnetlc  wave.  This  leads  to  saturatloi,  for 
now  no  more  kinetic  energy  can  be  extracted  from  the  electrons,  nils 
situation  can  be  remedied  by  either  tapering  the  circuit  phase  velocity 
or  Introducing  a  voltage  gradient  at  an  appropriate  posltlm  along  the 
length  of  the  tube.  As  mentioned  above  this  was  applied  successfully^^ 
to  the  forward-wave  amplifier  to  enhance  the  efficiency  and  the  satura¬ 
tion  power  output.  This  same  problem  also  occurs  In  the  backward ^wave 
oscillator.  The  purpose  of  this  dissertation  Is  then  to  study  In  detail, 
theoretically  and  experimentally,  the  effect  of  nonunlfoxn  circuit  phase 
velocities  and  nonunlfozm  beam  potentials  on  the  efficiency  an^  start- 
jsclllatlon  conditions  of  0-type  backward -wave  oscillators. 


CHAPTER  II.  COUFIED-MOEE  DESCRIFTIOH  OF  THE  INTERACTION 
HETHESaf  NONUNIFORN  CIRCUITS  AND  BEAMS 

2.1  Introduction 

Coupled-Mode  Theory  vms  first  Introduced  by  Plerce^^  snd.  has  been 

widely  used  since  to  describe  the  Interactlm  between  waves  propagating 

on  circuits  and  electron  beaas^^’^^'^^.  Ihls  subject  has  also  been 

treated  extensively  by  Loulsell^^.  These  treatises,  however,  have 

always  assumed  the  circuit  and  the  beam  to  be  unlfoim.  This  treatment 

takes  Into  account  a  voltage  gradient  along  the  beam  and  a  phase  velocity 

taper  along  the  circuit.  First,  coupled -mode  equations  are  derived  for 

•  • 

^the  nonunlfoxm  beam  and  circuit  separately  and  then  the  two  axe  combined 

to  study  the  effect  of  circuit  phase  velocity  tapers  on  the  staurt-  * 

oscillation  conditions  of  an  0-type  backward-wave  oscillator. 

2.2  Coupled  Modes  In  Transmission  Lines  with  Variable  Parameters 

In  this  developsient  which  Is  similar  to  that  of  Loulsell's^^  for 
unlfoxn  circuits,  the  transmission -line  parameters  are  assumed  to  be 
functions  of  distance  along  the  line.  The  differential  equations  for 
such  a  transmission  line  idilch  Is  considered  to  be  lossless  can  then  be 
written  as  follows. 


(z,t)  ai  (*,t) 

- • 


&i  (*,t)  iff  At, t) 


(2.1) 


(2.2) 
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vhere  L(z)  -  Inductance  per  unit  length,  henrye/a, 

C(z)  m  capacitance  per  unit  length,  farads /a, 

V^(z,t),  I^(z,t)  >  the  voltage  and  current  on  the  line  respectively 

and  aze  taken  as  real  quantities. 

Now  In  order  to  put  Eqs.  2.1  and  2.2  In  a  fozn  similar  to  that  of  the 
"normal  modes on  a  unlfonn  transmission  line,  let  us  define  the 
following, 

b.(z,t)  =  I  _ :  [V  (z,t)  t  Z  (z)  I  (z,t)]  ,  (2.5) 

±  2  c  o  c  , 

^ere 

Zjz)  =  >/l(z)/C(z)  .  (2.M 

e 

Differentiating  Eq.  2.3  vlth  respect  to  z  and  utilizing  Eqs.  2.1,  2.2, 

e 

2.3  and  2.^,  It  Is  easily  shown  that. 


Sb.(z,t)  ^ _  ah  (z,t)  .  dlnZ  (z) 

-I  ■ 

m 

Now  Introduce  the  con^plex  notation  and  express  b^(z,t)  as, 
V*,t)  -  a^(z)  e*^^  +  a/(z)e‘'*^  , 

Vjz,t)  as, 

V^(z,t)  -  Re  V(z)e‘-^^  , 

and  I^(z,t)  as. 


(2.5) 


(2.6) 


(2.7) 


t  The  nodes  are  called  "noznal  nodes"  irtien  they  are  decoupled, 
*  Indicates  the  conqplex  conjugate. 
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I  (*,t)  -  Re  I(z)  e*^  , 

w 


(2.8) 


vbere 

«.(a)  -  — ===- [V(z)  ±  Z  (z)l(z)]  .  (2.9) 


Equations  2.1  and  2.2  can  be  written  In  terms  of  V(z)  and  l(z)  as 
follows: 


dV(z) 

dz 


-  JaxL(z)l(z) 


(2.10) 


•“(*)  /  X  /  X  /  X 

-jj—  =  -  JaC(z)V(z)  .  (2.11) 

The  modes  a^(z)  have  been  chosen  so  that  the  average  power  carried  In 
the  modes  is 

P  =  |ReV(z)I*(z)  =  2  [ja^(z)|2  -  |a_(z)|]2  .  (2.12) 

Defining  ^(z)  as 

p(z)  =  cd>/l(z)C(z)  (2.13) 

and  emplc^lng  Eqs.  2.9«  2.10,  and  2.11,  the  following  eq]uatlon  and  Its 
conjiigate  can  be  easily  obtained. 


da^(*) 

dz 


»  Jp(z)a^(z) 


1 

2 


dinZ^(z) 

dz 


•^(*) 


(2.14) 


The  a^(z)  mode  can  be  Identified  with  the  forward  node  tm  a  transalssim 
line  and  the  a_(z)  with  the  backward  node.  It  can  be  seen  fron  Eq.  2.14 
that  If  L(s)  and  C(s)  az«  constant,  the  two  nodes  beeone  decoupled  and 
these  would  rapresent  the  forward  and  backward  "affinal  nodes"  of  a  unlfon 
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tranniissloD  line.  These  two  decoupled  oodes  then  represent  two  inde¬ 
pendent  solutions  of  the  transnisslon-Une  equations;  namely. 


a^(2)  .  a^(0)  (2.15) 

and 

a_(z)  =  a_(0)  .  (2.l6) 

These  two  modes  can  he  excited  separately  on  a  imifora  transmlsslm  line 
if  so  desired. 

It  can  also  be  seen  from  Eq.  2.14  that  in  a  nonunlfoxm  trans¬ 
mission  line  the  forward  and  backward  modes  are  coupled  and  one  cannot 
be  excited  without  the  other.  This  is  true  of  course  because  any  change 
in  the  characteristic  Impedance  will  introduce  reflections  cm  the  Jirw 
and  in  Bq.  2.14  the  coupling  tens  depends  on  the  change  of  Z^.  Here 
the  characteristic  Impedance  will  be  assumed  to  vary  slowly  with  distance 
(i.e.,  the  change  is  very  small  within  a  wavelength)  which  will  make  the 
coupling  term  (1/2)  [dinZ^(z)/dz]  very  snmJJ.  and  thus  negligible.  Ihe  two 
modes  are  now  decoupled  and  Eq.  2.14  reduces  to, 

da. (z) 

t  ^p(z)  a^(z)  ,  (2.17) 

where  a^(z)  here  are  the  forward  and  backwaird  normal  modes  on  a  non- 
uniform  transmission  line,  and  they  represent  two  Independent  solutions 
of  the  transmission-line  equations;  nsmely,  • 


-J  /  p(z')  dz' 
-  \iO)  e  ® 


(2.16) 
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a  (z) 


J 

a  (O)  e 


J  P(z')  dz'  . 


!nie  phase  velocity  Is  now  a  function  of  z  euid  Is 


Vp(z) 


0> 

p(z)  • 


(2.19) 


(2.20) 


2,3  Space -Charge  Modes  In  ^  One  -Dimensional  Electron  Beaa  In  ^  Drift 
Region  vlth  ja  Kontinlform  Potential 

2e3»l  General  Introduction*  Ttie  baisic  equations  \dilch  govern 
wave  propagation  on  electron  beams  €u:e  the  following*  (All  equations  are 
given  in  mks  rationalized  units.) 

Maxwell  *s  equations. 


Vxif  =  J  +  e  , 

0  at  * 

(2.21) 

VxE  = 

o  at  " 

(2.22) 

^  D 

V  .  E  =  f-  , 

(2.23) 

0 

V  •  if  »  0  . 

(2.24) 

Ttie  continuity  equation,  \dilch  can  be  derived  from  the  above 
equations,  is  given  by, 

7  .J  +  l  -  0  • 

Hhe  equation  of  motion  Is  expressed  by 

^  ^  +  (ir  .  V)  M  (t  +  u  X  h^h)  . 


(2.26) 
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nw  relationship  between  ciirrent  density,  space-chaz^  density 
and  velocity,  which  is  applicable  idien  the  spread  in  electron  velocities 
is  small  ccmpared  with  the  average  velocity  so  that  all  electrons 
passing  a  given  point  can  be  assumed  to  have  the  same  velocity,  is  given 
by 

e  J  *  pu  .  (2.27) 

In  the  above  equations  edl  quantities  are  functions  of  (r,t)  and 
they  are  defined  below. 

H  s  the  magnetic  field  intensity  in  (amperes/m), 

2  s  the  electric  field  intensity  in  ( volts /n), 
p  s  the  space -charge  density  in  ( coulombs , 
u  =  the  velocity  of  the  electrons  in  (meters/sec.), 

J  »  the  current  density  in  (amperes^i^), 

-  the  permeability  and  dielectric  c(Mistant  of  free  space 
respectively. 

It  is  seen  that  the  equation  of  motion  is  nonlinear  in  u  and 
the  current  density  equation  is  nonlinear  in  p  and  u.  These  equations 
will  be  linearized  here  by  making  a  small-signal  approximation.  It  is  • 
then  assumed  that  any  of  the  quantities  in  the  above  equations  can  be 
written  as  a  sum  of  a  time  avezage  term  (d-c  term)  and  an  a-c  term  as 
follows : 

F(r,t)  -  F^(r)  +  F^(r)  e-^^  .  (2.28) 

where  r  is  a  generalized  position  coordinate.  IMder  a  small-signal 
approximation  the  a-c  tern  will  be  assumed  small  compared  with  the  d-e 
ten  and  all  products  of  a-c  tens  will  be  neglected. 
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The  following  additional  asauaptiois  will  luw  be  introduced. 

1.  The  beam  is  confined  by  a  homogeneous  d-c  magnetic  field  in 
the  z -direction  and  thus  cmly  z -components  of  velocity  and  current 
density  will  be  present. 

2.  The  beam  is  infinite  in  the  transverse  plane  and  thus  all 
quantities  are  independent  of  the  transverse  dimensions. 

3.  The  beam  is  neutralized  by  the  presence  of  ions  ehich  cancel 
the  d-c  space -charge  forces. 

h,  A  voltage  gradient  exists  along  the  beam  so  that  the  d-c  beam* 
velocity  is  now  a  function  of  distance. 

With  these  assumpticxis  the  fundamental  equations  (Eqs.  2.1  -  2.7) 
reduce  to  a  d-c  part  which  is  given  by  (f  is  a  unit  vector  in  the 
z -direction) 

V  X  ?“  =  J  ?  ,  (2.29) 

o  o 


or 


V  X 

0 


0  , 


dz 


0  , 


UqCz) 


duo(z) 

dz 


M 


(V 

m  '  02 


(2.30) 


(2.31) 


(2.32) 


Jo  "  Po^*^ 


(2.33) 


and  an  a-c  part  which  is  given  by, 


V  X  f  +  JoiCpti  , 

(2.5^) 

V  X  f ^  , 

(2.35) 

d7  ’  ' 

(2.36) 

(2.37) 

Jl  *  +  Pi%  • 

(2.38) 

2.3. 2  ST»ce -Charge -Wave  EquationB  on  an  Electixm  Beam  vlth  a 
D-c  Voltage  Gradient .  If  we  now  consider  the  z -component  of  Eq.  2.}h, 
ve  obtain, 

J  +  J(06„  E^,  =  0  .  (2.39) 

1  0  IZ 

Substituting  for  E  from  Eq.  2.39  Into  Eq.  2.37  yields, 
xz 


*“i  *  s  <v.> 


”  mtoe  1 
o 


(2.1*0) 


Also  by  utilizing  Eq.  2.3d  and  substituting  Into  Eq.  2.3d  the  following 
is  obtained. 


[ 


J® 


P^(z) 

Uo(.)"^  * 


(2.1*1) 


Equations  2.1*0  and  2.1*1  are  the  fundamental  equations  which  describe 
wave  propagation  In  an  Infinite  beam  idilch  Is  confined  to  flow  in  the 
z-dlrecti(8i  and  idioie  velocity  Is  a  function  of  dlstaitce  al«ig  the 


z -direction 


t-- 
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In  order  to  put  these  equations  In  a  eoupled^ode  fozn  siMlar  to 
those  for  a  nonuniform  transmission  line,  the  following  qiuantltles  are 
defined. 


(2.42) 

• 

idilch  Is  the  beam  kinetic  voltage, 

• 

p'  '  €^m  ’ 

(2.45) 

• 

idiere  (0p(z)  Is  the  plasma  frequency. 

• 

• 

•  A 

3  (z)  »  "^TT  » 

P  u^(z) 

(2.44) 

• 

».<*>  •  -rr  ’ 

e  u^(z) 

(2.45) 

# 

•  |n  [u^(z)]2  ^  |e|  V^(z)  , 

(2.46) 

V^(z)  =  V^(z)  e  o  * 

(2.47) 

A  -J/Mz')dz' 

J^Ca)  -  J^(a)  e  o  * 

(2.48) 

Substituting  Eqs.  2A2  -  2«^  Into  Eqs.  2.40  and  2.41, 

the  foUowlxig 

eqtiations  are  obtained. 

dV‘(z)  ^*(z)  2V  (z) 

a*  ■  •  |J  1  ’ 

®  0 

(2.49) 

(2.50) 


-l6* 


dJ'(z)  I 

-ar- ■  -''TirT^nw  • 

Equations  2.49  and  2.50>  vhlch  describe  space -chares -wave  propaga- 
tlcm,  are  essentlcLlly  the  same  as  the  nonunlfoxn  traxuiolsslon-llne 
eqiua.tlon8.  If  the  line  voltage  V(z)  Is  Identified  with  the  beam  kinetic 
voltage  V^(z),  and  the  line  current  I(z)  with  the  beam  current  density 
J^lz),  then  Eqs.  2.49  and  2.50  will  describe  wave  propagation  alcmg  a 
non\inlfozm  transmission  line  idiose  Inductance  per  unit  length  Is 


P?(z)2V  (z) 
Uz)  =  1.. — - 

P^(z)  0)1  I 


(2.51) 


and  whose  capacitance  per  unit  length  Is 


C(r) 


2V  (z)a) 
o 


(2.52) 


Now  let  us  define  the  mode  amplitudes  as  follows: 


a|(z)  ^  =  (V^(z)  ±  Z^(z)(-J^(z)]  , 


4/z^(z) 


(2.55) 


where 


Z^(z) 


A  gVo(g) 

K 


0) 


(2.54) 


Substituting  Eq.  2.55  iQto  Eqs.  2.49  and  2.50>  gives 


dai(z)  -  dlxa.(z) 

-jj-  -  t  »p(.)  ^  - 1  — ^  .j(.) 


(2.55) 
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and  defining 


A  .  J 

aj.(z)  ■  a|^(z)  e  ® 


=  [v»)  *  ' 


(2.56) 


S<1>  2.55  then  becomes 

+  J  ^  '  -5  •  (2.57) 

Equation  2e?7  ond  its  conjugate  describe  the  coupled  space -charge  modes 
on  an  electron  beam  with  a  voltage  gradient  along  its  length.  It  is 
seen  that  when  no  voltage  gradient  is  pzesent,  2^^  3^  and  3^  axe  constant , 
and  ve  obtain  the  normal  space -charge  modes  ^  namely 

[I- +  J(Pg  =f  Pp)]  a^(z)  =0  (2.58) 

and  the  solution  can  be  written  in  the  following  form^ 

-j(p-  T  P^)  2 

aj(z)  »  a^(0)  e  ®  ^  .  (2.59) 

The  a^(z)  mode  Is  the  fast  space*«barge  node  since  Its  phase  velocity 

Vp  »  1  Is  slightly  greater  than  the  d-c  beam  velocity, 

and  the  a_(z)  mode  Is  the  slow  space-charge  mode  since  Its  phase  velocity 

v^  B  *  ((Up/o>)]  Is  silently  less  than  the  d-c  beam  velocity. 

It  Is  seen  from  Eq.  2.57  that  when  a  voltage  gradient  is  present, 
the  modes  are  coupled,  idiich  Implies  a  transfer  of  power  between  two 
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modes.  This  is  siollsr  to  the  nominlfonn  transBisslon  line  where  the 
forwsrd  and  backward  modes  are  coupled,  and  thus  one  cannot  excite  one 
without  the  other.  The  first  point  that  cooes  to  mind  here  is  that, 
since  noise  excitation  on  an  electron  beam  can  be  described  in  terns 
of  the  space -charge  waves  and  since  introducing  a  voltage  gradient  intro¬ 
duces  coupling  between  the  slow  and  fast  speuse -charge  waves,  then  it 
might  be  possible  to  introduce  a  certain  voltage  gradient  which  affects 
a  noise  power  transfer  from  the  slow  space -charge  wave  to  the  fast 
space -charge  wave  and  thus  the  noise  can  be  removed.  This  of  course 
would  lead  to  very  low-noise  traveling-wave  amplifiers.  IMs  is  a 
subject  in  Itself  and  will  not  be  pursued  here  any  further.  If  we 
assume  that  the  voltage  gradient  is  small,  the  coupling  term 
1/2  (d/dz)in  Z^(z)  will  then  be  very  small  and  may  be  neglected,  the 
modes  in  Eq.  2.37  reduce  to  the  normal  modes  on  an  electron  beam  with  a 
voltage  gradient  and  are  written  below  as, 


da^(z) 

dz 


a^(z) 


0 


(2.60) 


where  s^(z)  are  the  fast  and  slow  space-charge  modes  on  the  electron 
beam  and  they  represent  two  Independent  solutions  idiich  can  be  written 
as  foUoire: 


J  J  t8-(**)  ^ 

«^(z)  -  a^(0)  e'^  ^ 


(2.61) 
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The  phase  and  group  velocities  of  the  nodes  are  now  a  function  of  distance 
and  can  be  represented  as. 


(z) 


a»p(z) 
1  T  ^ 


0) 


and 

v^(z)  =  ujz)  . 


(2.62) 


(2.63) 


In  order  to*account  for  a  finite  beam  in  a  drift  region  will 
be  reduced  by  a  certain  factor,  called  a  reduction  faustor  R,  idxich  has 
been  computed  by  Branch  and  Mlhran^  for  several  geometries  and  a 
reduced  plasma  frequency  will  then  be  used  in  the  previous  equations 
idilch  is  defined  as  follows: 

0)^  *  (2.64) 

and 

Pq  *  RPp  .  ^  (2.65) 


2.4  Coupled -Mode  Description  of  Interaction  Between  Nonunifoia  Circuits 
and  Beams 

In  the  last  two  paragra]^  the  normal  modes  on  nonunifonn  circuits 
and  beans  were  fonoulated  separately.  In  this  paragraph  it  will  be 
ass\imed  that  a  wesdt  interaction  between  the  circuit  and  the  beam  exists 
and  this  lnteracti<m  will  be  described  in  terns  of  mode  coupling  in  the 
two  systems. 

An  equivalent  lusqped  parameter  transmission-line  circuit,  as  used 
by  Pierce^,  idxose  phase  velocity  can  be  chosen  to  be  the  same  as 


that  of 


•20 


the  actual  slow-^ve  circuit  phase  velocity  aii4  lAiose  parameters  can  be 
so  chosen  that  for  unit  power  flow  the  longitudinal  field  acting  on  the 
electrons  la  *(dv/dz)  idilch  Is  equal  to  the  true  field  In  a  particular 
circuit.  This,  as  shown  by  Pierce^,  Is  a  good  approximation  for  phase 
velocities  which  axe  small  compared  to  the  velocity  of  light.  The  beam 
with  convection  current  Ij^(z)  will  be  assiuned  to  flow  very  close  to  the 
circuit  and  Is  capeusltlvely  coupled  to  It.  The  beam  then  will  Induce  a 
current  per  unit  length  In  the  circuit  idilch  Is  given  by  -dl^/dz. 

With  the  above  assumptions  the  transmission-line  equaticm  can  then 
be  written  as, 

dV  (a) 

— ^ —  *  -  J<uL(a)  I^(z)  ,  (2.66) 


dl^(z)  dl  (z) 

sr~  “  ■  ■  ~6r'  ’ 

vhere  di^/dz  is  the  cuzrent  induced  in  the  circuit  due  to  the  bean  and 
all  other  quantities  have  been  defined  previously* 

The  beamy  in  addition  to  the  space -charge  fields  viU  nov 
experience  a  force  due  to  the  field  of  the  circuit  and  so  the  beam  equa¬ 
tions  nov  become. 


t?.(i)I®  S»„(i)  iiv  (.) 

4  ■■Ai.n— ■  .  .  1  4.  ^ 

^  ll  i  ^  ^ 

^  o 


(2.68) 


|l  I 

JM*) 

«  2V^(*) 


I 


(2.69) 
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vtaere  all  thesa  qjuantltieo  have  been  defined  in  the  pxevlaus  paragraphs. 

Nov,  following  the  sane  procedure  as  that  for  the  separate  trans¬ 
mission  line  and  team,  we  define  the  mode  anqjilitudes  as  follows*. 

a  (z)  =  '  ^2.70) 

®±  k>lz  iz)  ®  c  c 


»  — -4=  [V  (z)  ±  Mz)(-1  (z))] 
X  -b  1  . 


(2.71) 


vhere  all  the  quantities  in  the  above  equations  have  been  defined,  and 
the  total  average  power  on  the  beam  and  the  circuit  can  be  expressed  as. 


“■t  ‘  2  -  |.^  1=  -  |i^  pj  .  (2.72) 

Etaploylng  Eqs.  2.70  and  2.71,  and  substituting  in  Eqs.  2.66  - 
2.69,  yields  the  following  coupled^ode  equations  idilch  describe  the 
intereu:tlon  between  a  noouniform  circuit  and  an  electron  beam  with  a 
voltage  gradient. 


and 


\  (z)^  (2.75) 


*  The  subscript  "c"  refers  to  the  circuit  and  the  "b"  refers  to  the  bens 
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[ta  ♦  i  ’  ^<*>)  ]  s,''’  ■■Is*'  V‘>  s,<*> 


+ 


1 

2 


+ac_(z)) 


(2.7l^) 


It  will  now  be  assumed  that  the  Impedance  variation  along  the 
circuit  and  beam  is  small,  so  that  (d/dz)  in  Z  becomes  very  small, 
vhlch  in  essence  decouples  the  forward  and  backward  modes  on  the  trans¬ 
mission  line  and  also  the  space -charge  modes  on  the  beam.  With  this 
assumption,  Eqs.  2.73  and  2.7^  now  reduce  to. 


(2.76) 

If  we  now  asstmie  that  the  Interaction  between  the  beam  and  the 
circuit  is  weak,  and  that  ^g(z)  and  ^^(z)  vary  in  the  same  manner  and 
are  approximately  equal  at  each  value  of  z,  then  we  can  replace  the 
derivative  m  the  right-hand  sides  of  Eqs.  2.73  and  2.76  approximately 
^  With  these  assumptions,  the  coupled-mode  equations,  Eqs. 

2.73  aod  2.76,  become: 
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77) 


[s  +  J  ^q^*0]  **’±^*^  “  ’  *  *c 


vhez« 


1 

”■'<*>  ■ 

0 


X2' 


(2.79) 


Equations  2.77  and  2.78  are  the  coupled -node  equations  which 
describe  the  Interaction  between  a  nonuniform  circuit  and  an  electron 
beam  with  a  nonunlfoxm  voltage.  These  equations  will  be  applied  next 
to  study  the  effect  of  a  tapered  circuit  on  the  start -oscillation  con¬ 
ditions  of  an  0-type  backward-wave  oscillator. 


2.5  Coupled-Mode  Description  of  an  0-Type  Backward -Wave  Oscillator 
with  a  Tapered  Circuit 

A  general  description  of  0-type  backward-wave  oscillators  and 
their  principles  of  operation  have  already  been  discussed  In  Chapter 
and  will  not  be  repeated  here.  Under  high  space -charge  conditions  the 
coupling  between  the  circuit  wave  and  the  fast  space -charge  wave  becomes 
negligible.  Thus  the  start -oscillation  conditions  can  be  deteimlned  by 
considering  the  coiqiling  between  the  circuit  wave,  whose  phase  velocity 
is  In  the  direction  and  whose  energy  propagates  In  the  -z  direction, 
and  the  slow  space-charge  wave  which  carries  negative  energy^^  in  the 
tz  direction.  Gould^^  applied  the  coupled-mode  theory  to  determine  the 


start -oscillation  condltloas  In  a  uniform  backward -wave  oscillator.  He 


also  assuned  a  space  •charge  covlitiai  and  thus  oeglected  the  coti^Uag 

to  the  fast  space -charge  nave.  Hers  this  approach  will  he  eoployed  to 
stxidy  the  start -osclUatloQ  coodltloas  In  a  tapered  circuit  backward^wave 
oscillator*  ^Is  latter  problem  has  been  recently  Investigated  by  R.  M. 
Bevensee^^.  Ihe  method  employed  here  Is  very  similar  to  that  employed 
by  Bevensee,  and  the  results  are  In  agreement.  However,  this  author 
feels  that  Bevensee  did  not  take  Into  consideration  a  certain  situation 
In  idilch  the  start -oscillation  current  in  a  tapered  tube  could  be  lower 
than  that  in  a  uniform  one.  This  will  be  discussed  later. 

In  this  treatment,  the  circuit  phase  velocity  Is  assumed  to  be  a 
function  of  distance,  and  also  that  It  vailes  very  silently  over  the 
length  of  the  circuit.  A  varying  phase  velocity  can  be  eully  achieved 
by  either  tapering  the  pitch  on  the  slow-wave  structure  or  dielectrically 
loading  the  structure  In  a  niuiunlfonn  manner.  Either  of  these  will  have 
an  effect  on  the  interaction  Impedsuice,  that  Is,  the  Interaction  Impedance 
now  becomes  a  function  of  distance.  However,  It  will  be  assumed  here 
that  the  beam  flows  very  close  to  the  circuit,  and  the  Interfuition 
impedance  remains  approximately  constant  over  the  length  of  the  tube. 

This  Is  not  a  bad  approximation  since  a  helix  backward-wave  oscillator 
usually  employs  a  hollow  beam  idiich  flows  close  to  the  circuit.  Of 
course  this  approximation  gets  worse  Uben  the  beam  flows  farther  away 
from  the  circuit.  The  Impedance  variation  will  be  proportional  to  the 
phase  velocity  variation  and  can  be  Included  In  the  equatloas  as  such. 

Ihls  Is  done  In  a  later  chapter  on  elTlclency  studies.  For  now,  however, 
the  interaction  impedance  is  assumed  to  be  constant.  It  is  also  assumed 
that  the  voltage  and  thus  the  beam  velocity  Is  also  constant,  and  that 
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a  space -charge  cooditlon  exists  so  that  the  coupling  between  the 

circuit  wave  and  the  fast  space -charge  wave  can  be  neglected. 

Ihider  these  assumptions  the  coupled-mode  equatlcms  for  an  0-type 
backward -wave  oscillator  can  be  written  u  follows: 

-  -'^>2*0  < 

idiere  a^  «  the  circuit  mode  amplitude, 
a^  s  the  beam  mode  amplitude,  and 

Pb  “  Pe  +  Pq- 

Let  us  now  define  the  following  parameters  idilch  were  Introduced 
by  Pierce^  and  are  coenonly  used. 

I  Z 

°o  rr  (2.82) 

o 

and 

f  .  (2.83) 

Recalling  that  ■>  2V^a)^/l^(u  and  from  the  above  definitions  the 
f»nupi ing  coefficient  In  Eqs.  2.80  and  2.81  can  then  be  written  as 


C 


la 


■/i  (IfQC)i/* 


(2.81:) 


Next  let  us  define  a  normalized  coordinate  y  as  foUows: 
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y 


Introduclog  the  follovlag  coanonly  used  paraoeteri 


vbere  »  the  d-c  beam  velocity,  and 

v^  =  the  cold  circuit  phase  velocity  at  z  >  0, 
and  defining 

“  Vg/|(z) 

or 

Pg(*)  =  Pg  5(*)  , 

o 

Eqa>  2-80  and  2.81  become, 


and 

where 


(2.85) 


(2.86) 


(2.87) 


(2.88) 


(2.89) 


(2.90) 


^c  (y) 


normalized  circuit  phase  parameter 

on  ^  Q  ^ 
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•  nomallzed  beam  phase  constant 

D 

-  ] . 

k  s  normalized  coupling  coefficient 

«  -J  ,  ® 

It  should  he  noted  here  that  Eqs.  2.89  and  2*90  apply  for  very  veatk 
tapers ;  since  this  assumption  was  originally  made  in  order  to  put  the 
equations  in  coupled -mode  form  as  they  stand. 

Now  the  standard  WKBJ^^  method  will  be  employed  to  get  an  approx¬ 
imate  solution  for  very  weak  tapers.  This  is  carried  out  in  Appendix  A 
and  the  results  bxj  given  below. 

The  beam  and  circuit  mode  amplitudes  can  be  expressed  as  follows: 

y  y  y 

c  r  J  /  r(y')dy'  -J  /  r(y')dy'  -i  -J  J  - g - Sdy* 

==  e  o  -  e  o  e  ® 

r(y)  L  J 

(2.91) 


= 


and 


a„(y) 


^  |j2r^^®  cos  J  r(y»)  dy‘  +  (y)  ” 


r' j  sin  J  r(y')  dy'j^ 


y^c  (y')+P^ 


2 


(2.92) 
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where 


P'  (y)  ,  (y)  -  Pv 


[r(y)]* 


— -J  ■ 


(2.93) 


where  '  denotes  differentiation  with  respect  to  y. 

Applying  the  boundary  condition  that,  at  y  «  y^,  a^(y)  s  o, 
assuming  that  6(y)  =  (l-KXy),  |apCo„/2|k|®|  «  1  and  lA|k|®  (Pc„„(l+Qty) 


on' 


-  «  1.  «»  tona^  isa  .ppro»l«t.  .t«rt^elia-tl« 

conditions : 


(2.9‘^) 


and 


cot  |k!yj^ 


(2.95) 


idiere  y^  Is  the  noznallzed  start -oscillation  length  of  the  tapered  tube. 

It  can  be  easily  seen  from  Eq.  2.9^  that  when  a  =  0,  l.e.,  for  a 
uniform  circuit  tube. 


or 


1+C  b 
o  o 


b^  -  ,  (2.96) 

when  b_  here  refers  to  the  unlfona  tube, 
o 

From  the  definition  of  b  (Eq.  2.86),  we  have  for  a  unifcnn  tube 
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-  1 


+  C 

0  o 


(2.97) 


For  a  nonunlfonn  circuit,  however,  we  have  from  Eq.  2.9^j 


or 


1*<U 


(2.98) 


(2.99) 


and  0  s  &  at  y  =  y^/2  or  the  two  waves  core  synchronous  midway  along 
°n  n 
the  tube. 


The  stetrt -oscillation  current  in  a  tapered  tube  can  now  be  com- 
pazed  to  that  of  a  unlfona  one  imder  several  conditions.  In  comparing 
the  stairt -oscillation  currents  it  is  assumed  that  the  frequency  of 
oscillation  and  the  physical  lengths  of  the  two  tubes  are  equal.  It  is 
believed  that  this  basis  for  comparison  is  meaningful  and  eliminates  any 
variation  in  the  interaction  impedance  due  to  a  frequency  change,  in 
which  case  the  impedance  variation  of  the  slow-wave  stzucture  with 
frequency  must  be  specified. 

With  the  above  basis  for  comparison,  the  following  situations 
can  exist  idiere  the  start -osclUatlcm  cmditlons  are  satisfied. 

1.  If  (me  starts  with  a  uniform  tube,  and  this  tmiform  tube  is 
tapered,  then  one  can  compaie  the  start -oscillation  current  in  the 
tapered  tube  to  that  in  the  uniform  one  (i.e.,  the  phase  velocity  of 
the  tapered  tube  at  s  >  0  is  eq:ual  to  the  phase  velocity  in  the  uniform 
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tube).  For  this  ease,  the  beam  velocity  has  to  be  different  In  the 
tapered  tube  than  that  In  the  uniform  one. 

This  difference  In  beam  •velocity  Is  proportional  to  the  •taper 
and  can  be  expressed  as* 


1  +  C  b 
1  1 


1  +  C  b 


o  o 


(2.100) 


where  the  subscript  "l”  refers  to  the  tapered  tube  and  the  subscript  "O" 


to  the  uniform  tube  and  b^  can  be  expressed  as 


,  r  1  +  C  b  -I 
^  *  2 

It  can  be  seen  from  £q.  2.101  that,  at  a  constant  frequency, 

\dien  a  is  positive  (decreasing  phase  velocity)  b^  is  less  than  b^  and 
the  n(mvinlform  tube  will  osclUa^be  at  a  lower  beam  velocity  (lower 
voltage)  than  the  uniform  tube.  However,  idten  a  Is  negative  (increasing 
lhase  velocity)  the  nonuniform  tube  will  oscillate  at  a  hl^ier  voltage 
than  the  uniform  one. 

Now,  from  Sq.  2.93  It  Is  appcoent  'that  idien  a  ■>  0,  cot  |h|y^  -  0, 
<uid  |h|y^  s  x/2  for  the  lowest  order  oscillation  condition.  When  a  Is 
not  zero  y^^  must  Increase  In  order  to  satisfy  'the  equation  regcurdless 
of  the  sign  of  a,  l.e.,. regardless  of  the  direction  of  taper.  This  does 
not  necessarily  mean  an  Izureue  In  the  s'tart -oscillation  current^^,  and 


*  The  subscript  "i"  refers  to  uniform  tube  and  "o"  refers  to  the  tapered 
tube. 
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as  shown  below  the  direction  of  taper  does  oake  a  difference  In  the 
start -oscillation  cuzrsnt. 

The  start -oscillation  currents  for  this  case  can  then  be  coopared 
as  follows, 

o 

where  N  Is  the  number  of  beam  wavelengths,  and 


y,  =  2Jt(CN)  =  C  L  ,  (2.103) 

^  “i 

where  and  the  physical  lengths  of  the  two  oscillators.  Also 


(a.K*) 


Therefore, 


hVjCj' 


(2.105) 


(2.106) 


idiere  It  has  been  assumed  that  Z,  “  Z. 

A  o 


Assuming  that  the  physical  lengths  of  the  two  tubes  are  equal, 
(L^  -  L^),  then  from  Eq.  2.102  and  2.103  we  have 

C 
*» 

■'o  ^  N  ~o  ^  "o 
Substituting  Eq.  2.107  Into  Eq.  2.106  gives 


Ct)  -  CtX^)  • 


(2.107) 


\ 


a  + 


ay. 


2  / 


QJ  • 


(2.108) 
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It  Is  seen  fxm  Eq.  2.106  that  since  (yx/y^)  •Ivey*  greater  than 

\uilty  irrespective  of  the  direction  of  taper ,  i.e.,  irrespective  of  the 

sign  of  a,  the  start-oscillation  current  viU  alwsys  Increase  for  a 

negative,  i.e.,  for  an  increasing  phase  velocity.  However,  it  is  possible 

for  the  start -oscillation  current  to  decrease  when  a  Is  positive,  i.e., 

for  a  decreasing  phase  velocity.  This,  of  course,  depends  on  the  actue^. 

operating  paraiaetere  of  the  tube. 

The  |h|y^/|k|y^  is  plotted  in  Fig.  2.1  as  a  function  of 

/2|k|^.  In  order  to  compare  the  oscillation  currents  in  the  two 
on 

tubes,  ooe  must  choose  particular  operating  parameters.  Let  us  choose 

QC  s  0.23^  and  Investigate  the  start -oscillation  currents  idien  fi  and 

°on 

a  are  varied.  It  should  be  recalled  here  that  ^  -  l/c(l+Cb),  so  that 

°on 

a  variation  in  C  will  be  actually  a  variation  in  ^  .  Employing  Eq. 

*^00 

2.108  and  assuming  that  the  coupling  parameter  is  the  same  in  the  two 
tubes,  ^  coqputed  as  a  function  of  a  for  different  values  of 

or  C^.  Actually  for  the  cases  considerad  is  approximately  equal 
to  as  can  be  easily  seen  from  Eq.  2.107.  However,  C®  will  be  quite 
different  from  C^.  This  is  plotted  in  Fig.  2.2  and  it  is  seen  that, 
for  some  of  the  cases  considered,  the  start -oscillation  current  is 
smaller  in  a  tapered  tube  than  that  in  a  uniform  tube.  The  assumption 
that  the  coupling  parameter  is  the  same  in  both  tubes,  or  |kj^|  «  |k^|  is 
a  reaisonable  assunqptlon,  since  |k|  varies  as  l/(lu)^/^^  and  thus  any 
change  in  the  current  or  the  beam  velocity  will  have  a  negligible  effect 
on  |k|,  and  thus  assumixig  QQ  the  same  in  both  tubes  will  have  a  negli¬ 
gible  effect  on  the  results.  A  cosQarison  of  the  start -oscillation 
current  f or  QP  >  0.3  is  also  shown  in  Fig.  2.3. 


0 


0.2 


0.4 


0.6 


Y~  ■  Ratio  of  Oscillation  Current  in  the  Tapered 
o  Tube  to  that  in  the  Uniform  Tube. 

■  Taper  Parasieter. 
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FZO.  2.2  COKRARlSCar  07  START-OSCIUATION  CURREHTS  IN  UlflFORM 
AND  TAPERED  BACKWARD-WAVE  08CIIIAT0RS.  (4C  -  0.2$) 
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*1 

^  ■  Ratio  of  OsclUatlOQ  Curreat  in  ■ttae  Tapered 
^o  Tube  to  that  In  the  Ihilfom  Tube. 

aB„  >  Taper  Parameter. 

®on 

FIO.  2.}  COHPARISOir  OF  aCART-OSCILLATIOR  CURREHTS  IR  URIFORM 

asd  tapered  bacxkard-have  oscillators.  (QC  -  0.3) 


-56 


It  1b  thus  seen  that  it  Is  possible  for  the  start -osclllatl«i 
current  to  decrease  In  a  tapered  tube  vhose  ]^iase  velocity  decreases 
alcsig  the  tube.  This  case  was  not  considered  by  Bevensee^^.  He  states 
that  the  current  will  Increase  Irrespective  of  the  direction  of  the 
taper.  It  Is  believed  that  Bevensee  did  not  take  Into  account  the  fact 
that  In  order  for  the  two  tubes  to  oscillate  at  the  same  frequency  the 
operating  voltages  In  the  two  tubes  will  be  different  in  this  cue. 

2.  The  start -osclllatlc8i  currents  of  a  uniform  and  tapered  tube 
can  be  also  conpared  at  the  sane  voltage.  In  this  case.  In  order  for 
the  two  tubes  to  oscillate  at  the  same  freq]a«icy,  the  phase  velocity 
In  the  uniform  tube  has  to  be  lower  than  the  phase  velocity  of  the 
tapered  tube  at  z  »  0.  It  can  be  easily  shown  frcm  the  above  analysis 
that  the  start -oscillation  c\irrent  In  a  unlfozn  tube  Is  proportional 
to  u^.  Thus  the  ratio  of  the  start -oscillation  current  of  a  unlfonn 
tube  operating  at  u^to  that  of  a  unlfonn  tube  operating  at  u^  can  be 
expressed  as 


(2.109) 


It  Is  then  seen  by  compeo'lson  with  £q.  2.108  that  In  this  case  the 
decreue  In  the  stazi^ -oscillation  current  Is  greater  than  that  of  the 
first  case . 

It  can  then  be  ccmcluded*'  ihat  the  only  way  the  staart -oscillation 
current  can  decrease  In  a  tapered  tube  operating  at  the  same  freg]uency, 
length  and  interaction  Impedance  as  that  of  a  unlfonn  one  Is  to  operate 


*  The  author  has  corresponded  wltii  Professor  Bevensee,  and  we  are  In 
agreonent  about  the  above  c«icluslon. 
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the  tapered  tube  at  a  lower  heam  potential.  However,  If  a  unlfom  tube 
la  operated  at  this  lower  potential,  and  Its  leni^h,  freqjiiency  and  Inter¬ 
action  Inpedance  remain  the  aame  (i.e.,  the  phase  velocity  of  the 
unlfom  tube  vlU  now  he  lower  than  that  of  the  tapered  one  at  s  «  0), 
then  the  start -oscillation  current  in  this  unlfom  tube  will  he  lower 
than  that  of  the  tapered  one. 

Since  it  has  been  concluded  that  a  tapered  tube  will  oscillate  at 
a  lower  voltage  than  the  unlfom  tube  at  the  same  frequency,  we  can  then 
say  that  the  tuning  mte  for  a  tapered  tube  will  be  faster  than  that  of 
a  unlfom  one.  From  Eq.  2.100  it  is  obvious  that  the  ratio  of  the 
voltage  in  the  tapered  tube  to  that  in  the  unlfom  tube  can  be 
expressed  as  follows: 


For  a  typical  unlfom  S-band  backward-wave  oscillator,  covering 
the  frequency  range  from  2.0  to  M^.O  Gc,  the  power  supply  must  be  swept 
from  approximately  200  -  3000  volts.  If  the  phase  velocity  of  this 
oscillator  were  tapered  to  say  90  percent  from  the  beginning  to  the  end 
of  the  tube  this  will  correspcnid  roughly  to  «  0.8,  and  now  the 

power  supply  will  only  have  to  ■vary  from  l6o  to  2^  volts  to  cover  the 
same  range  of  frequencies. 

This  has  been  a  very  apporaximate  analysis  which  applies  for  very 
weak  tapers.  In  the  iwxt  chapter  this  problm  is  solved  employing  an 
analog  computer  where  no  restriction  is  placed  on  the  strength  of  taper 
and  the  coupling  to  the  fast  space-charge  wave  is  not  neglected  as  was 


done  here 


CHAPTER  III.  START-OSCILLATION  CONDITIONS  OP 
NONUNIFQRM  BACKHARD-WAVE  OSCIUATORS 

hi  Introduction 

In  Chapter  II,  coupled -mode  theory  was  employed  to  determine  the 
8tart-08clllatlcxi  conditions  of  hackvard-vave  oscillators  with  a  tapered 
velocity  extending  over  the  entire  length  of  the  circuit.  It  was  seen 
there  that  In  order  to  obtain  an  analytical  solution  a  very  weak  taper 
was  assumed  and  the  Interactlm  with  the  fast  space-charge  wave  was 
neglected.  It  was  ccxicluded  there  that  under  certain  conditions  the 
start-osclUatlon  current  can  be  lowered  In  a  tapered  tube.  It  was 
therefore  decided  to  undertake  a  general  study  of  the  effect  of  circuit 
velocity  tapers  and  voltage  gradients  on  the  start-osclUatlon  conditions 
without  any  restriction  on  the  strength  of  the  tapers  or  the  gradients 
and  without  neglecting  the  coupling  to  the  fast  space -charge  wave. 

In  this  chapter  a  general  set  of  small-signal  equations  describing 
the  behavior  of  nonuniform  bactorard-wave  oscillators  Is  derived.  These 
equations  are  then  programmed  on  an  analog  computer  and  a  trial  and  error 
procedure  Is  employed  to  determine  the  osclllatlai  condltlcxis  for  sev¬ 
eral  nonuniformities  In  the  clrctilt  and  the  beam. 

The  advantage  of  using  an  analog  computer  Is  that  one  can  easily 
vary  parameters  by  merely  changing  a  potentiometer  setting  and  the  non- 
unlformlty  in  the  circuit  or  the  beam  can  be  easily  introduced  at  any 
point  along  the  length  of  the  tube.  Several  kinds  of  nonuniformities 
in  the  circuit  phase  velocity  and  the  beam  potential,  namely,  linear, 
quadratic  and  exponential  were  investigated.  These  nonuniformities  were 
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introduced  at  different  points  along  the  length  of  the  tube  and  their 
effect  on  the  start-osclllatlon  conditions  vu  determined.  Another 
kind  of  nonuniformity  idilch  is  Inherent  In  electrostatically-focused 
tubes®^^®®  is  an  approximately  sinusoidal  variation  of  the  beam  poten¬ 
tial.  The  effect  of  this  nonimlformlty  on  the  start-oscillation  condi¬ 
tions  was  also  Investigated.  The  analog  method  was  also  employed  by 
Rowe  and  Sobol®®  and  Grow®  to  determine  the  oscillation  conditions  of 
modulated  and  uniform  backward -wave  oscillators. 

In  this  analysis  the  slow-wave  structure  Is  replaced  by  an 
equivalent  transmission  line  whose  Inductance  and  capewltaace  per  unit 
length  are  chosen  so  that  Its  phase  velocity  and  characteristic  impedance 
are  the  same  as  the  phase  velocity  and  Interaction  impedance  of  the 
pertinent  space -harmonic  of  the  slow-wave  structure.  The  bSKskward-wave 
oscillator  operates  on  a  hamonlc  whose  phase  and  group  velocities  are 
In  opposite  directions.  Pierce®  first  employed  this  equivalent 
transmission-line  approeu:h  In  his  analysis  of  the  forward-wave  amplifier. 
Johnson®  and  others^#®  applied  this  to  the  beu:kward-wave  oscillator 
merely  changing  the  sign  of  the  Impedance  to  account  for  energy  flow  In 
the  backward  direction  and  also  fouxid  It  convenient  to  change  the  sign 
of  the  passive  mode  parameter  3he  fundamental  equatlcnis  describing 

the  Interaction  In  nonuniform  backward-wave  oscillators  are  then  derived 
here  In  a  similar  manner  and  with  the  following  assvmptlons: 

1.  Small-signal  conditions,  l.e.,  the  a-c  terms  are  asswed  to  be 
smsdl  with  respect  to  the  d-c  terms  axid  all  products  of  a-c  terms  are 
neglected.  This  is  a  realistic  usunptlon  at  start  oscillation. 

2.  The  beam  Is  confined  by  a  homogeneous  d-c  magnetic  field  In  the 
z-directlon  and  thus  only  z-cooqponents  of  velocl'^  and  current  will  be 
present. 
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3.  No  variations  in  the  transverse  plane  are  present  which  essen¬ 
tially  makes  the  problem  one  dimensional. 

h .  •  Relativistic  effects  are  negligible . 

5.  Thermal  velocity  spread  in  the  beam  is  neglected. 


3«2  ^aH-Signal  Eouations  of  Nonimlform  0-Type  flackward-Wave 
Oscillators . 

3«2.1  Development  of  the  Circuit  Equation.  Olie  differential 
equations  for  the  voltage  and  current  on  a  nonuniform  transmission  line 
in  the  presence  of  the  beam  can  be  written  eis 


bz 


-  C(z) 


av^(z,t) 

St 


3p(z^t) 

at 


(3.1) 


bz 


St 


I^(z,t)  R(z)  , 


(3.2) 


^ere  V^(z,t)  and  I^(z,t)  are  the  voltage  and  current  on  the  transmission 
line  respectively, 

L(z),  C(z)  and  R(z)  are  the  Inductance,  capacitance  and  resistance 
per  unit  length  and 

^(z^t)/St  is  the  current  per  unit  length  induced  in  the  trans¬ 
mission  line  due  to  the  presence  of  the  beam. 

In  order  to  obtain  an  equation  in  V^.  .alone,  we  follow  the  standard 
procedure  of  dll'ferentlating  Eq.  3.2  with  respect  to  z  and  Eq.  3.1  wi-Oi 
respect  to  t,  thus  obtaining, 

dK.) 

Sz®  '  '  a*  a*  a*  d*  "  ^^(*»*)  —5^ — 


■  “ir“  »  (5.3) 
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9>»t  ■  ■  '<*’  st=  *  “ST"  • 

Substituting  for  (z,t)/Sz  5t,  its  value  from  Eq.  J.U  and  for 


5l  (z,t)/Sz,  its  value  from  Eq.  3.I  into  Eq.  3.3  and  arranging  terms 


c 

yields 


,  V  .  X  d  in  L(z)  Sv  (z,t) 

- ^ -  -  L(z)  C(z)  - ^ ° 


-  R(z)  C(z) 


5t^ 

d  z 

3V  (z,t) 

C 

at 

«  -  L(z) 

;)  I^(z,t) 

L  i.(.) 

Sz 


^^p(z,t)  ,  5p(z,t) 

-TF~  ■  ‘  ’  ~5r- 


dL(z) 


1  dH(z) 
R(z) 


]  .  (3.5) 


We  see  that  Eq.  3.5  still  contains  a  term  in  I^(z,t).  For  a  lossless 
transmission  line  [R(z)  =  0]^  this  term  will  not  be  present  and  we  get 
a  differential  equation  in  V^(z,t)  and  p(z,t)  alone.  If  one  assimses^ 
however,  that  L(z)  and  R(z)  vary  in  the  same  manner,  i.e.,  L(z)  »  L^f(z) 
and  R(z)  *  RQf(2),  then  the  last  term  on  the  right-hand  side  of  Eq.  3*5 
is  identically  zero.  This  is  not  an  illogical  choice  for  jdiysical 
inductive  elements  and  does  not  significantly  restrict  the  applicability 
of  the  equations.  With  this  assumption,  the  final  second-order  partial 
differential  equation  for  the  circuit  voltage  becomes, 

W  S  V  d  In  L(z) 

— -  L(z)  Ciz)  - 


ay^(z,t) 

it 


-  wo  ■  wo 


-  R(z)  C(z) 


.  (3.6) 
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Let  uB  aav  define  the  following  parameters; 


•yL(z)/C(z)  Is  the  characteristic  Impedance  of  the  tratu- 
mlsslon  line  for  a  low-loss  structure,  ohms, 

(z)  ^  1/  Vl(z)  C(z)  Is  the  characteristic  phase  velocity  of  the 
line,  meters/sec. 


d(z) 


R(z)/2(dC^(z)  L(z),  a  loss  parameter  tised  In  traveling -wave 
tube  theory  and  first  Introduced  hy  Pierce®.  d(z)  can  be 
e3q)ressed  as  l(z)/20(2it)log  C  (z),  dimensionless, 

6  O 


tiz) 


Co(-) 


the  series  loss  In  db  per  wavelength  e^ong  the  line, 
the  gain  parameter  and  Is  defined  by  C®(z)  »  IoZq(z)/4Vq, 
the  d-c  beam  current,  amperes, 

the  d-c  beam  voltage  at  the  entrance  to  the  slow-wave 
strticture,  volts, 

the  d-c  beam  velocity  at  the  entrance  to  the  structure  and 
is  *  ,  m/sec, 

q/m,  the  charge -to -mass  ratio  of  an  electron  coialomb/kg, 
the  angular  frequency  of  the  wave  on  the  circuit,  radians/ 
sec. 

Substituting  the  above  definitions  in  Eq«  ^.6  results  in, 


u 

o 

n 

(D 


S%(z,t)  r  ^  Z^(z) 

'  L 


dv  (z)n  9V^(z,t) 


dz 


dz 


dz 


2a)C  (z)  d(z)  }ff(z,t) 

-  ^  ^ - 


dt 


V^(z)  L  St* 


+  a»c^(z)  d(z) 


]  .  (3. 
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Ihe  above  circ\ilt  equation  applies  to  the  forward -wave  amplifier.  As 
mentioned  earlier,  we  will  merely  change  the  Impedance  sign  to  account 
for  a  backward  wave  and  thus  the  circuit  equation  for  the  backward-wave 
oscillator  becomes, 

s%(z,t)  2.  r  1  1 


2(pc^(z)  d(z)  ay^(z,t)  fo^r  afe£z^ 
V®(z)  5t  “  v^(z)  L  dt^ 


+  2(dC^(z)  d(z)  ]  .(3.8) 


Assuming  that  V  ,  I  and  p  vary  as  e*^*  and  defining  3„(z)  «  ffl/v  (z), 

C  C  CO 

Eq.  5*8  1)6000168 


d^  (z) 


Z„(2) 


dZ  (z) 
o^  ' 

dz 


1  fVfl  ifV£ 

v^(z)  dz  J  dz 


'  J2  ^®(z)  C^(z)  d(z)  V^(z) 


-  ®  ZqCz)  I 


-J2  P^(z)  Cjz)  d{z)j  Pj^(z)  .  (5.9) 

5.2.2  !Pie  Contlnxilty  Equation.  Here  it  is  asstmed  that  a  vari¬ 
able  d-c  voltage  Is  present  on  the  slow-wavs  structure,  so  that  the  d-c 
beam  veloclly  is  now  a  function  of  distance.  The  continull^  equation  Is 


written  as 


where*  i  ■  -  Iq  +  lj^(z,t),  is  the  total  current  in  the  hean,  amperes, 

p  -  Pq(^)  total  line  charge  in  the  heam, 

coulcnibs/m. 

Substituting  in  Eq.  3*10  and  remembering  that  no  variations  with  trans¬ 
verse  dimensions  are  present  and  that  p^(z,t)  and  ij^(z,t)  vary  as  e"^^ 
yields, 

lo  +  =  -J®Pi(z,t)  .  (5.11) 

In  the  absence  of  a-c  effects,  i^(z,t)  and  p^(z,t)  are  zero,  Eq.  3.11 
reduces  to 

■k  <-  'o>  -  ° 

and  th\2S  is  constant.  The  hydrodynamical  equation  of  flow  can  be 
utilized  here,  since  \mder  small-signal  conditions  the  spread  in  electron 
velocities  is  assumed  to  be  small  compared  with  the  d-c  average  velocity 
so  that  all  electrons  passing  a  given  point  can  be  asstmed  to  have 
essenti€U.ly  the  same  velocity.  We  can  then  write 

1  =  pu  ,  (3.13) 

idiere  u  ■  Uq(z)  +  Uj^(z,t)  =  the  total  velocity  of  the  electrons,  m/sec. 
Substituting  in  Eq.  3.13>  ve  obtain 

["  Iq  +  ii(z»t)J  «  [pq(z)  +  P^(z,t)J  [u^(z)  +  u^(z,t)J  .(3.1>^) 

Eqmting  the  d-c  terms,  gives 

-  lo  ■  Po(*)  (3.15) 


*  Subscript  "x"  designates  d-c  quantities  and  "o'*  a-c  quantities. 
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\rtilch  shows  that  Pq(z)  and  ®®  opposite  maoner  so  that  their 

product  at  any  point  is  constant.  Equating  the  a-c  terms  in  Eq.  5 *14  and 
neglecting  the  product  of  a-c  terms  gives  (uj^  also  varies  as  e*^*) 

ii(z)  “  %(z)  Pj^(z)  +  Pq(z)  Uj^(z)  .  (3.16) 

From  the  a-c  part  of  Eq.  5.11  we  have, 

di  (z) 

— =  -  Jo  p^(z)  .  (3.17) 


du  (z)  dp  (z) 

Po^^)  - 


dp  (z)  du  (z) 

■z -  +  U  (z)  - 5 -  +  p  (z)  - J . . 

dz  o'  '  dz  '  dz 


+  JCD  Pj^(z)  =  0  .  (3.18) 


Equation  3.18  can  he  written  in  a  slightly  different  form.  From  Eq.  3-15 
we  have 


dpQ(z) 

dz 


Po(z)  du^(z) 
u  (z)  dz 


(3.19) 


Substituting  for  dp  (z)/dz  from  Eq.  3.I9  into  3.18  gives 


du  (z)  p  (z)  du  (z)  dp  (z) 

-TT-  ■  - -  *  "o<'>  -dT- 


+  P^(z) 


du^(z) 
dz 


+  JCD  P^(z)  =  0  .  (3.20) 


3.2.3  Pie  Force  Equation.  Since  the  emalysis  here  is  restricted 
to  slow  waves,  the  electrons  also  move  with  speeds  that  are  much  lower 
than  the  speed  of  light  and  thus  the  effect  of  their  own  magnetic  field 
is  negligible .  !lbe  electron  beam  is  also  assimied  to  be  neutralized  by  the 
presence  of  ions,  idiose  mass  Is  much  larger  than  that  of  the  electrons. 


-46- 


Ihe  Ions,  due  to  their  much  heavier  mass,  do  not  respond  to  r-f  fields 
but  can  follow  the  time  average  or  d-c  fields  and  thus  cancel  the  d-c 
electron  cheurge.  Newton's  force  law  can  then  be  written  as 


=  -  hi  +ffg^^(z,t)  +  E^_^(z)  , 

(3.21) 

where  E^(z,t)  «  the  circuit  field  acting  on  the  electrons, 

Egc  (z,t)  *  the  space-charge  field  due  to  r-f  interaction, 

1 

=  the  d-c  field  due  to  variation  of  beam  voltage  along 
the  length  of  the  tube. 

Here  again  a  one -dimensional  formulation  is  assimed.  Eq^uation  3.21  can 
then  be  written  as. 


+(ujz)  +  ujz)  +  u^(z,t) 


r  dv  (z,t) 

[  — sr-  ■  ®sc  ^ 
^  1 


dV^(z) 

dz 


(3.22) 


where  V^(z)  is  the  d-c  beam  voltage.  Again  assiaming  that  quantities  vary 
with  time  as  e^^  and  neglecting  products  of  a-c  terms  we  get  the  d-c 
peurt 


or 


Uo(z) 


du^(z) 

dz 


dV  (z) 

hi 


dz 


(3.23) 


ujz)  .  >l2r\  Vq(z) 


(3.24) 


and  the  a-c  part 


-Ur¬ 


du  (z)  du  (z) 

JCD  u^(z)  +  ujz)  — |j—  +  u^(z)  —2^ 


hi 


dV^(z) 

dz 


(3.25) 


It  can  be  shown  that  for  a  beam  of  finite  radius,  the  space-charge  field 
can  be  expressed 


(z) 


Job  uJz) 

hi  I 


(3.26) 


where  (x>^  *  the  reduced  pla^a  radian  frequency. 

This  form  for  the  space-charge  field  is  amenable  to  analog  computation 
and  it  was  employed  lyy  Rowe  and  Sobol^  in  determining  the  start- 
oscillation  conditions  in  uniform  and  modulated  backward-wave  oscillators . 
Equation  5*25  then  becomes. 


du^(z) 

joj  u^(z)  +  u^(z)  -  +  u^(z) 


du^(z) 

dz 


dV^(z)  J(D  u^(z)  /  v^(z) 


dz 


(z;  /  V  Iz ;  \  /  CO  \2 


Eqmtions  3»9»  3-20  and  3 .27  are  then  the  fundamental  equations  descrih- 
Ing  the  behavior  of  a  backward -wave  amplifier  or  oscillator  up  to  start 
oscillation. 


3.3  Normalization  of  the  Equations 

It  is  now  convenient  to  introduce  several  normsilization  factors 
6U)d  Introduce  some  new  assimptlons  in  order  to  put  the  equations  in  a 
more  convenient  form. 

Since  the  structure  loss  in  a  backward-wave  oscillator  is  usually 
kept  quite  low.  It  is  assumed  that  the  loss  parameter  d  is  coostant  along 
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the  length  of  the  tube.  We  will  also  assuae  that  the  Interaction 
Impedance  of  the  clrcvilt  Is  constant  along  the  length  of  the  tube .  This 
Is  a  fairly  reasonable  assumption  for  a  hollow  beam  flowing  very  close 
to  the  circuit.  However,  the  farther  the  beam  flows  away  from  the  cir¬ 
cuit  the  worse  this  approximation  becomes.  For  a  known  circuit  a  certain 
realistic  Impedance  variation  eis  a  fvinctlon  of  the  phase  velocity  on  the 
circuit  can  be  determined  and  then  very  easily  included  in  the  equations. 

The  following  quantities  are  now  defined 


y-3^Cz-2jfCN 
^  eo  0  o 


(3.28) 


is  the  normalized  distance  eaong  the  tube,  where  N  =  the  number  of  beam 
wavelengths, 

^o  “  f  (5.29) 

0 

and  u^  •  the  d-c  beam  velocity  In  the  uniform  section  of  the  tube. 


A  I  Z  (z) 
.,3  A  o  o^ 


(3.50) 


where  »  the  Pierce  interaction  impedance  and  is  assumed  to  be 
constsuit^  ohms  and 

*  the  beam  potential  in  the  uniform  section  of  the  tube, 
volts . 

Let  us  now  define  the  following  quantities, 


Vo(y)  -  V^C(y)  ,  (3.31) 

thus 

u^(y)  -  Upo5"'®(y)  (5-52) 
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and 


Po(y) 


(3.33) 


Vo(y) 


i(y)  , 


(3.34) 


vhere  v  *  the  circuit  phase  velocity  in  the  uiaiform  section  of  the 
00 

structure . 

Pc(y)  then  becomes 


^(y) 


CD 

'oo  Sts'' 


^CO 

6(y)  • 


(3.35) 


A  measiare  of  the  difference  in  the  beam  and  circuit  velocitiea  in  the 
uniform  section  is  characterized  by  the  parameter  b  vhich  is  defined  eis 
follows: 


b 


u  -  V 
oo  00 

V 

oo 


(3.36) 


The  ratio  of  the  d«c  beam  velocity  to  that  of  the  cold  circuit  phase 
velcxjity  in  the  uniform  section  can  then  be  expressed  as 


CO 

u 

oo 

eo 

(1  +  C^b) 


(3.37) 


The  space-cheurge  x>^8nLeter  ”QC"  vhich  is  widely  used  in  traveling -wave 
amplifier  and  backward-wave  oscillator  theories  can  be  expressed  as 
follows : 


1  (  v-  Y 

4c®  \  1  +  (D  /o)  / 

0 


(3.38) 


The  foUowing  nornallzed  quantities  are  also  defined. 
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V  * 

00 


A  “i("> 


00 


A 


00 


(5.39) 


(3.1W) 


(3.41) 


Substitutlug  the  above  normalized  parameters  and  utilizing  the 
definition  of  the  above  quantities  in  Eqs.  3»9»  3.20  and  5.27  results  in 
the  following  set  of  differential  equations. 


dy2 


1  +  C  b 
o 

C 

o 


1 

6(y) 


dy 


dV  (y) 
cn^*^  ’ 

dy 


-J2f  (l*C„bPp^V^^(y) 


4C„(1  +  C  b)  J8c2d(l  +  C  b) 


1 

dy 


1 

5(y) 


dC^/^(y) 

dy 


Uxn(y)  +  5^'^(y) 


^pxn^y) 

dy 


d^^/^(y) 

dy 


0  ,  (3.43) 
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1 

2 


dVc^(y)  QC  , 

(1  -  (1  +  Cgt) 


6(y)  Pin^y) 


dy 


(5.44) 


The  above  equationa  are  the  normalized  equations  representing  a  non- 
uniform  backward -wave  oscillator  under  the  assumptions  introduced  above. 
Bie  nonuniformity  in  the  circuit  phase  velocity  is  introduced  into  the 
eqixatlons  through  5(y)  the  nonxinlformlty  In  the  beam  potential 
through  5(y). 


Solution  of  the  Equations 

Equations  3*42  through  3*44  were  programmed  on  an  analog  computer 
and  the  start -oscillation  conditions  were  determined  for  several  kinds 
of  nonianiformities .  Ttie  different  kinds  of  nonviniformitles  that  were 
investigated  are  discussed  in  the  follovix^  sections.  A  detailed  dis¬ 
cussion  of  the  scaling  and  programming  of  these  equations  is  given  in 
Appendix  B.  A  brief  discussion  is  given  here. 

First  the  boundary  conditions  must  be  specified.  These  are  the 
usual  conditions;  namely,  the  beam  enters  the  slow-wave  structure  with  no 
r-f  modulation  other  than  noise  which  is  negligible,  the  r-f  output  is 
matched,  and  the  r-f  circuit  wave  at  the  entrance  plane  is  arbitrary. 
These  assumptions  then  lead  to  the  foUowixig  boundary  conditions  respec¬ 
tively, 

Uij^(y)  -  °  >  (3*'»5) 


vjo) 

lc(0) 


■ 


(3.46) 


(3.U7) 


V  (o)  is  artltrary  . 
cn 


Since  Eq.  ^.k2  Is  of  second  order,  [dV(,jj(y)/dy]  must  also  te  specified. 
This  can  be  eeisily  determined  from  Bq.  3.2.  Normalizing  Eq.  3*2  yields 


-  1  +  c  ^ 

J  "  +  ad(i  + 


(3.48) 


Knowing  the  boundary  conditions,  the  equations  were  then  separated 
into  reeil  and  imagineury  parts  by  ass\Ming  the  following  forms  for  the 
dependent  variables, 

Vcn  =  -  J  V,  ,  (3.49) 


^in  =  +  J 


(3.50) 


Pin  =  Pr  ^  Pi 


(3.51) 


By  using  a  standard  einalog  computer  resolver  for  converting  frcm  cairbe- 
sian  into  polar  coordinates  the  magnitude  of  any  of  the  above  quantities 
can  be  easily  determined.  The  oscillation  conditions  can  then  be  deter* 
mined  as  follows:  For  a  given  set  of  values  C^,  QC,  and  d  the  circuit 
voltage  is  plotted  as  a  function  of  y  for  different  values  of  b.  The 
value  of  b  that  forces  the  r-f  circuit  voltage  to  zero  represents  a 
start-oscillation  condition.  The  start -oscillation  length  can  then  be 
determined  from  the  value  of  y  at  which  the  circuit  voltage  becomes  zero# 
A  nonuniformity  in  the  tube  can  be  easily  introduced  on  the  analog  com¬ 
puter  at  any  point  along  the  lessgth  of  the  tube.  This  is  accomplished  by 
merely  running  the  computer  up  to  the  point  where  the  nonuniformity  starts 
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employlng  the  \miform-tube  equations.  !Ihe  computer  is  then  switched  into 
a  ”hold"  position  and  thus  the  initial  conditions  for  the  nonuniform 
section  are  now  established.  With  the  computer  still  in  the  ”hold” 
position,  a  switch  is  now  employed  to  introduce  the  equations  for  the 
nonuniform  section.  Ihe  computer  is  then  switched  into  the  ’’operate” 
position  Emd  the  run  is  completed. 


5.5  Start-Oscillation  Conditions 

In  this  section,  the  start-oscillation  conditions  for  severed,  kinds 
of  nonxmiformities  introduced  at  diffeirent  points  along  l^e  length  of  the 
tube  are  presented.  These  conditions  are  presented  in  the  form  of  graphs 
"vdiere  the  oscillation  conditions  in  a  tapered  tube  are  compared  to  those 
of  a  uniform  one.  The  following  notation  is  used  in  all  the  graphs  that 
follow. 


b 

—  *  the  ratio  of  b(defined  by  Eq.  3  *56)  in  the  tapered  or 
°o 

nonuniform  tube  to  that  in  the  uniform  one, 

CN  y 

^  *  the  ratio  of  the  normalized  start-oscillation  length 

^^s,o  ^s,o 

of  a  nonuniform  tube  to  that  of  a  unifom  one. 


the  ratio  of  the  normalized  length  at  which  the  lionuniformity 
begins  to  the  normalized  oscillation  length  of  a  unifom  tube. 


s  X 

»  the  ratio  of  the  start-oscillation  current  of  a  nonunifora  tube 

“^8,0 

to  that  of  a  unifom  one. 


The  start-oscillation  currents  were  compared  in  the  same  maimer 
here  as  that  in  Section  2.5^  namely, 
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( 


+  C  b. 
0  . 

•f  C  b 
o 


(3.52) 


vhere  the  physical  length  in  the  two  tubes  is  assumed  to  be  the  -tame  and 
the  oscillation  frequency  is  the  same  •  in  the  two  tubes  was  also 
assumed  to  be  the  same.  This  is  not  quite  true^  since  any  change  in  the 
beam  current  or  velocity  will  also  change  C.  However^  8ts  discussed  in 
Section  2.3  this  change  is  negligible  and  has  a  negligible  effect  on  the 
final  resxilts .  A  more  exact  comparison  for  constant  could  be  made  by 
comparing  both  the  start-oscillation  c\arrent  and  the  starting  length  as 
follows  (i.e.,  in  this  case  the  physical  length  of  the  tubes,  L,  is  not 
the  same )  • 


and 


s.i 


S,0 


S.I 


s,o 


.  ( 

'  1  ^  Vx 

\ 

^  ^  Vo 

(L 

O  1  \  / 

•  ^8.1  \ 

+  C  b 

.  ^8,0  y 

(5.55) 


(3.5^^) 


This  can  be  easily  obtained  from  the  graphs  if  so  desired.  It  is  felt, 
however,  that  the  comparison  of  the  start-oscillation  current  with 
length  in  the  two  tubes  fixed  is  more  meaningful.  The  space-charge 
parameter  in  the  two  tubes  is  also  essentially  the  same,  since 
QC  (lu)^/®  and  the  changes  in  u  and  I  encountered  here  are  small. 

Since  the  graphs  presented  in  the  following  sections  are  compar¬ 
isons  to  a  uniform  tube  with  a  certain  set  of  parameters,  the  oscillation 
conditions  for  such  parameters  are  given  in  Table  3.1*  They  are  also 
compared  to  oscillation  conditions  obtained  from  a  digital  computer  by 


Rowe  and  Sobor 


-55- 


— ,  -  .  , 


Table  3*1 

Start-Oscillation  Conditions  for  a  Uniform  BHO 


t>0 

at 

C»s,o 

start  Oscillation 

for  Oscillation 

c 

QC 

d 

Amilog 

Digital 

Analog 

Digital 

0.05 

0 

0 

1.55 

1.559 

0.3023 

0.3013 

0.2 

0 

1.60 

1.593 

0.3184 

0.3202 

0.5 

0 

1.70 

1.69 

0.3821 

0.3691 

3>5»1  Linear  Circuit  Phase  Velocity  Tapers ,  Since  it  was  con¬ 
cluded  in  Chapter  U  that  for  a  constsmt  beam  potential  the  start- 
oscillation  current  will  increeuse  \dien  the  circuit  i^ase  velocity 
increases  as  a  function  of  distance  along  the  tube,  only  circiilt 
veloci’ty  tapers  decreeising  with  distance  were  investigated.  Die  linear 
taper  was  assumed  to  have  the  following  form, 

y^(y)  =  -  a&-)  ,  (3.55) 

where  a  is  a  measure  of  the  strength  of  the  taper.  The  beam  velocity  is 
assuned  constant  along  the  length  of  the  tube.  |(y)  and  ^(y)  in  the 
general  set  of  Eqs.  3*^2  throu£^  3*^  will  then  assume  the  following  form 

£(y)  -  (1  -  ay)  ,  (3.56) 

C(y)  -  1  .  (3.57) 

Substituting  the  above  venues  of  S(y)  and  ^(y)  into  Eqs.  3.^2  throtigh 
3.44  yields, 
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dy2 


1  +  Cl)  \  2 


g 

(1  -  gy) 


dy 


-  J2 


(1  +  C^t) 


"(T:^ 


(1  -  gy) 


in 


(y) 


,  ♦  <=p  ,  , 

^  (1  -  ay) 


(3.58) 


dy 


dy 


JL 

C 


0  . 


(3.59) 


1 

2 


dy  [1  -  (1  +  C^b) 


(1  -  gy)  Pin(y) 


f  V(y) 

0 


dy 


(3.60) 


The  solution  of  these  equations  on  an  analog  computer  Is  discussed  In 
detail  In  Appendix  B.l.  The  resvilts  are  presented  In  Figs.  3.1  through 

3.9. 

In  these  figures  the  start-osclllatlon  conditions  of  a  tapered 
tube  are  compeured  to  a  uniform  one  as  a  function  of  the  strength  of  the 
taper.  As  can  be  seen  from  the  figures  the  tapers  vere  Introduced  at 
different  points  along  the  length  of  the  tube.  For  the  value  of  Cq 
Investigated  there  Is  good  agreement  vlth  the  coupled-mode  theory  anal¬ 
ysis  of  CTiapter  H  for  veak  tapers,  l.e.,  the  start-osclUatLon  current 
decreases  In  a  tapered  tube  under  the  conditions  that  vere  assianed.  It 
vas  found,  hovever,  that  idien  the  taper  became  stronger  than  a  particular 
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<ai 

1 

sCt 

s.o 


2. 

^•,0 


W  VB.  arm  A  LDBAR  CIKJOIT 
PEASE  YEUCin  ZAPER.  (C  •  O.O5,  «!  .  0,  A  •  0) 


no.  3.2 
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IIO.  3.4  vs.  a  ira  A  UHEAR  CUCOET 

IBASE  VZLOCm  TAIfS.  (C  -  0.03,  V  -  0.2,  A  .  0) 
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FSAfflS  VELOCmr  TAPER.  (C  ■  0.0$,  QC  ■  0.2,  d  ■  0) 


no.  3.6  vs.  a  fOB  a  uhear  cucoee 

PHASI  VILOCIIY  ZAPER.  (C  ■  O.O3,  QC  ■  0.2,  d  ■  0) 
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FIQ.  3.7  <3N,  /CH  I  Jl  .  b,/b^  VS.  a  FOR  A  IIBEAR  CIRCUIT 

8^0  ^9*  9  fO  X  O 

PHASE  VEIOCm  TAPER.  (C  •  0.03,  QC  -  0.3,  d  -  0} 


PIG.  3.8  \f^o  VS.  a  PX»  A  UBBAR  CIHCUIT 

FBASI  VEZXXJm  SAFER.  (C  -  O.O3,  QC  •  O.3,  d  -  0) 


NO  OSClUATION  NEOION 


no.  3.9  cr  ,/CT  I  Ji  .  b,/b^  vs.  a  fOR  a  uheah  cihcoit 

■  /I  UfO  "f*  *  ** 

PHASE  VELOCm  IIAPER.  (C  -  O.O3,  m  0.3.  d  -  O) 
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value,  no  valiie  of  I  could  1)6  found  to  force  the  circuit  voltage  to  vanish 
and  thus  no  oscillation  condition  could  he  fovind.  The  region  beyond  this 
particular  value  of  ct  has  been  designated  as  the  "no  oscillation  region" 
in  the  figures. 

3.5.2  Quadratic  Circuit  Phase  Velocity  Tapers .  Here  it  is  also 
assumed  that  the  beam  velocity  is  constant  and  the  circuit  phase  velocity 
varies  in  the  following  manner, 

“  ’^oo^^  ■  *  (3.6l) 

This  mates 

6(y)  =  (1  -ay^)  (3.62) 

and 

5(y)  -  1  .  (3.63) 

Substituting  the  above  values  of  5(y)  and  ^(y)  into  Eqs.  3  •*>•2  through 
3 .44  yields  the  following  set  of  equations  which  characterize  the 
behavior  of  the  oscillator  when  a  quadratic  phase  velocity  taper  is 
Introdticed  on  the  slow-wave  structure, 

/ilV  Y_1 _ 

\  -ay^)^  (1  -ay^)  ^y 


(1  -oyS) 


du  (y)  dp 

— . .  . . +  — 

dy 


-  ja  ^  (1  .  Wy) 


eoj  a(i  ♦  c^b) 


.  1 


*7rP,Jv)  -  0 


dy  ^  ''in 


(3.65) 
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1  <^Ven(y)  ;  , 

2  dy  [1  - 


1 

(1  +  c^t)) 


(1  -  ctf)  Pj_jj(y) 


=  u  (y) 
C  in'' ' 
0 


““Jy) 

dy 


(5.66) 


The  solution  of  these  equations  Is  discussed  In  detail  In  Appendix  B«l* 

The  results  are  presented  in  Figs,  3.10  through  3.15. 

Here  also,  the  start-oscillation  conditions  of  the  tapered  tube  are 
compeLTed  to  the  uniform  one  as  a  function  of  the  taper  parameter  a.  The 
oscillation  frequencies  and  the  idiyslced  lengths  of  the  tvo  tubes  are 
assuned  equal.  The  taper  vets  also  introduced  at  different  points  along 
the  length  of  the  tube.  As  in  the  linear  velocity  taper  case,  the  start- 
oscillation  current  decreases  for  weak  tapers  and  when  the  taper  gets 
stronger  than  a  certain  value  no  oscillation  condition  could  be  fovmd. 

This  region  is  also  designated  the  "no  oscillation  region"  on  the  figures . 

3.3.5  Exponential  Circuit  Phase  Velocity  Tapers ,  In  this  section 
it  is  assmed  that  the  circuit  pheise  velocity  varies  in  the  following 
manner, 

Vo(y)  “  Vqo  (3.67) 


and  the  heam  velocity  Is  constant  along  the  length  of  the  tube.  !Ihls 
makes  |(y)  and  ^(y)  assume  the  following  values, 


l(y)  -  e““y  ,  (3.68) 

C(y)  -  1  .  (3.69) 


Substituting  these  values  of  i(y)  and  5(y)  In  Eqs.  3.42  through  3.44 
results  in  the  following  set  of  equations  ^^ch  characterize  a 
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m.  3.32  CH  /CH  I  /I  l),/b„  VS.  a  FOR  A  «IAl»mC 

CZRCUTF  PHASE  VELOCm  ZAPER.  (C  •  0.03,  QC  -  0.2,  d  -  0) 


uoo 


a 
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'backward -wave  amplifier  or  oscillator  whose  j^ase  velocity  decreases 


exponentially  with  distance  along  the  tube. 


d^„„(y)  /  1  +  c  b 


cn 


/  X  +  U  D  _ 


dy 


-  32  f  (1  *  C„1>)=  «““='v„(y) 
0 


4C^(1  +  C^b)  e«y  p^^(y)  -  jBC®  d(l  +  C^b)  p^j^(y)  ,  (j.TO) 


du^j,(y)  dp^^(y) 

-•  «  '■  +  -  + 

dy  dy 


0  , 


(3.71) 


1  “'cn^^^  ^  ,  ^o  _ 1  -ay  (. 

2  dy  [1  -  2Cq  ^/^F  (1  + 

.  du  (y) 

The  solution  of  these  equations  on  the  analog  computer  Is  dis¬ 
cussed  In  detail  In  Appendix  B.l.  The  results  are  presented  In  Figs. 

3.16  through  3.23. 

Here  again  the  start-oscillation  conditions  of  the  tapered  tube  are 

I 

compared  to  those  of  the  uniform  one  as  a  function  of  the  taper  parameter 
a.  Ihe  oscillation  frequencies  and  the  physical  length  of  the  two  tubes 
are  assumed  to  be  the  same.  Ihe  taper  was  also  introduced  here  at  dif¬ 
ferent  points  along  the  length  of  the  tube .  It  can  be  seen  from  the 
graphs  that  for  weak  tapers  the  start-osclllatlon  ctirrent  decreases  and 
idien  the  taper  gets  stronger  than  a  certain  value  no  oscillation 
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L50I 


^  e 

/aT 

o  o 


-0.50i 


3.19 


CIRCUIT  PHASE 


I 


NO  OSCILLATION  REGION 


Vt  yQ 


0.25  0.90 


^»,o*  ^x.^0  ah  EJCPCWEHTIAL 

JITI  TAKER.  (C  -  0.05,  QC  -  0,2,  d  -  0) 


-82- 


-83- 


conditlon  could  be  foimd.  This  region  is  also  designated  on  the  figures 
as  the  *'no  oscillation  region”. 

3>5»4  Sunmary  of  the  Effect  of  Circuit  fhase  Velocity  Tapers  on 
the  Start-Osclllatlon  Conditions  of  a  Backward ■►Vave  Oscillator .  It  has 
been  demonstrated  that  the  analog  coaputer  results  for  linear  clrc\ilt 
phase  velocity  tapers  are  in  agreement  with  the  results  obtained  in 
Chapter  II  using  a  two-wave  coupled -mode  theory  for  very  weak  tapers*  In 
both  cases  the  circuit  interaction  impedance  was  assumed  to  be  constant* 
This  is  not  an  unreasonable  approximation  for  tubes  in  %diich  the  beam 
flows  very  close  to  the  circuit.  Tine  farther  the  beam  is  fr<M  the  cir¬ 
cuit  the  worse  the  approximation  becomes*  As  the  |hase  velocity  decreases 
the  fields  fall  off  more  rapidly  away  from  the  circvdt  thus  reducing  the 
interaction  impedance  ^ich  tends  to  increase  the  start-oscillation 
cxirrent*  For  the  kinds  of  tapers  encountered  here  and  for  a  hollow -beam 
helix  backward-wave  oscillator  in  which  the  beam  is  made  to  flow  very 
close  to  the  helix  the  above  approximation  is  valid. 

With  the  above  in  mind  the  following  statements  can  be  made  about 
the  effect  of  velocity  tapers  on  the  start-oscillation  conditions • 

1.  For  a  tapered  tube  whose  length  and  oscillation  frequency  are 
the  same  as  that  of  a  unifom  one,  the  beam  voltage  in  the  tapered  tube 
will  be  slightly  lower* 

2*  Qhe  kind  of  velocity  taper  is  not  critical,  but  the  strength  of 
taper  is  very  critical*  For  a  psurticular  vcdue  of  C^,  there  exists  a 
certcdn  strength  of  taper  beyoxui  ^diich  no  oscillation  conditions  could  be 
found*  It  Is  believed  that  the  higher  is,  the  stronger  the  taper  can 
be  made  before  the  “no  oscillation”  region  sets  In* 
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3.  The  higher  is  at  start  oscillation  the  more  the  start- 
oscillation  current  is  decreased  hy  tapering.  For  low  values  of  it 
V81S  shown  in  Chapter  II  that  the  steurt-oscillation  ciarrent  will  increase 
in  a  tapered  tube. 

4.  Since  for  strong  tapers  ”no  oscillation"  conditions  are  possi¬ 
ble,  strong  tapers  can  be  utilized  in  forward -wave  amplifiers  to  enhance 
efficiency^^  and  at  the  same  time  suppress  backward -wave  oscillations. 

3.5.5  Linear  Voltage  Gradient.  Here  the  circuit  phase  velocity 
is  assumed  to  be  constant  along  the  length  of  the  tube  and  that  the  beam 
potential  varies  as, 

V^  =  V^^d  +  oy)  .  (5.73) 

|(y)  and  ^(y)  in  Eqs.  3  *4^  through  5*44  then  assume  the  following  form, 

i(y)  ^  1  ,  (3.74) 

5(y)  =  (l+ay)  .  (3.75) 


Substituting  the  above  valxaes  of  6(y)  and  ^(y)  in  Eqs.  3-42  through 
3.44  resxilts  in  the  following  set  of  equations  which  characterize  a 
backward-wave  oscillator  \diose  phase  velocity  is  constant  and  ^diose  beam 
potential  increases  linearly  with  distance  along  the  tube. 


dy2 


/  1  +  C  b 


,„(y)  -  f  (1  *  V)"  v^„(y) 


C^b) 


-  J8cj  d(l  + 


C^b) 


'■x>> 


(3.76) 


a 


[l  -  ^  2(1  +  ay) 


u  „(y)  +  (1  +ci!y) 


1/2  dp,„(y) 


in^ 

dy 


a 


2(1  +  ay)^/^  ^0  - 


Pi„(y)  = 


0  ,  (3.77) 


1 


dy 


+  J 


QC 


(1  -  2C  (1  + 


p,„(y) 


r  i  «  1  1/2 

■  [  t  %(1  •  cy}^'‘  J 


The  solution  of  the  above  equations  is  discussed  in  detail  in  Appendix 
B.2.  The  results  are  presented  here  in  Figs.  3*24  through  3 *54. 

It  is  seen  that  these  curves  are  quite  similar  to  those  of  the 
circuit  phase  velocity  tapered  ones .  In  certain  cases  idien  the  voltage 
gradient  is  veak  the  start-oscillation  current  decreases  and  there  exists 
a  certain  strength  of  gradient  beyond  which  no  oscillation  condition 
coiild  be  found.  This  is  also  designated  on  the  figures  as  the  ”no 
oscillation**  region. 

3  >5  >6  Quadratic  Voltage  Gradient  ■  Here  the  circuit  phase  vel¬ 
ocity  is  assumed  constant  and  the  beam  potential  varies  as^ 

Vq  “  V^^(l  +  ay2)  .  (3.79) 

5(y)  and  5(y)  in  Eqs,  3.*^2  through  3.^  then  assume  the  following  form, 

5(y)  -  1  ,  (3.8o) 


C(y)  -  (1  +  ay®') 


(5.81) 
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no.  3.24  A  UnEAR  BEAM 

voifi!A(ffi  VARZAHOir.  (c  -  0.03,  qq  .  0,  d  .  0) 


5.25 

VOia!A(S  VARZAnOH.  (c 


b^/bo  VS.  O  fOR  A  US 

-  0.05,  QC  -  0,  d  -  0) 
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FIO.  3.26 


VOIiFACB  YARUenm,  (c 


b^/bo  vs.  O  IQR  A  UHEAR  BEAM 
-  0.03,  qc  «  0,  d  >  0) 
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no.  3.28  Q,  \^o  VS.  O  TCR  A  UHEAR  BEAN 

VOmCBE  VARIAnOH.  (C  •  0.03,  qc  .  0.2,  d  -  0) 


m. 


■92 


no.  3.30 


vs.  a  TOR  A  UMEAR  BEAN 

VOISAOE  VARIATIOR.  (C  -  O.O3,  QC  .  0.2,  d  -  0) 


3.001 


CK 


1. 


car. 


s.o 


2. 


s.i 


8.0 


3-  ^ 


FIQ.  3.32  ^8,i/^8,o'  ^I'^o  ^  IHIEAR  BEAM 


VOUrjUffi  VABIAXXOH.  (C  -  0.03,  QP  -  0.3,  d  -  0) 


PIO.  3.33 


VS.  a  f®  A  UHEA 
VOIXA®  VARZASPI®.  (C  «  O.O3,  QC  •  0>5,  d  >  0) 
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SubBtitutlng  the  above  vaaties  of  5(y)  and  5(y)  In  Bqs,  3.42  through  3,44 
results  In  the  follovd.ng  set  of  ecLuatlons 


(i^J 


Vc„(y)  -  J2  ^  (1  +  vjv) 


“  *^0^(1  +  Ch)  -  JSCJ  d(l  +  C^h)j  p^^(y)  ,  (3.82) 


[1  +  ay2]  dy  (1  ^  cty=)  dy 


[  (1  +ay2)i/2  *  cl  ]  "  0  ,  (3. 


83) 


1  ^Vcn(y) 

2  dy 


+  J 


4Cq  QC 


(1  -  2C^-f^]^  (1  + 


p,Jy) 


■  [  t  *  (TtS^  ]  •  <’•*> 


-o  (1  +  ay^) 


The  solution  of  these  equations  Is  discussed  In  detail  In  Appendix  B.2. 
13ie  results  are  presented  here  In  Figs.  3*35  ‘Uirough  3 •38. 

It  Is  agedn  seen  here  that  for  veak  tapers  the  start-osclllatlon 
current  has  a  tendency  to  decresise,  however,  beyond  a  certcdn  strengtii  of 
taper  the  current  Increases  very  rapidly  and  a  "no  oscillation"  region 
sets  In. 

3.3«7  Exponentle^.  Voltage  Gradient.  Bere  the  circuit  |diase 
velocity  Is  assumed  constant  and  the  beam  potential  varies  as 


CH 


1. 


CH, 


»,o 


2. 


s.i 
•  •O 


no.  3.35  CH^,i/C».,o^  vs.  o  WR  A  QQAllUSIC 

yomkss  oradzert.  (c  -  0.03,  qc  -  0,  a  •  0) 


5.36  A  (fJAmmc 


yomm  mmsm,  (c  «  0.05,  qs  •  0,  d  •  0) 
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FIO.  3.37  \/**o  VS*  «  TOR  A  qOABMXXC 

voiflM®  mKmmt,  (c  .  0.05,  qc  «  o.a,  d  •  0) 
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V  -  V  e 
o  00 


so^ 


(3.85) 


This  makes  6(y)  and  5(y)  In  Eqs.  3.k2  through  ^.kk  assume  the  following 
values, 


6(y)  =  1  > 


(3.86) 


?(y)  =  e 


may 


(3.87) 


Substituting  the  above  values  of  |(y)  and  5(y)  into  Eqs.  5.42  through 
3.44  resiilts  In  the  following  set  of  equations, 

d^...(y)  /  1  +  c  b  n2 


.  f  ~  o 

dy2 


(  -  32  f  {I  *  V^,(y) 

>  o  '  O 

[^4Cq(1  +  C^b)  -  J8c2  d(l  +  C^b)J  p^j^(y)  ,  (3.88) 


dp,„(y) 


(3.89) 


1 

2 


dV  (y)  UC  QC  , 

_cn^  .  - 0 - 1 - ^  /  ) 

^  [1  -2C^^/^f  (1  +  c^^)  “ 


oe 


ay 


v(y) 


+  e 


^  du  (y) 
oy  in^'' ' 

dy 


(3.90) 


HSie  solution  of  these  eqxiatlons  is  discussed  in  detail  in  Appendix  B.2. 
The  resiilts  are  presented  here  in  Figs .  3  -39  through  3  *43 . 

Hftre  again  it  is  seen  that  for  weak  tapers  the  start-oscillation 
current  tends  to  decrease,  however,  after  a  certain  streng-Ui  of  taper  the 
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osclllatlon  currents  start  to  Increase  very  rapidly  and  a  "no  oscilla¬ 
tion"  region  sets  In. 

3.5.8  Summary  of  the  Effect  of  V  oltage  -Gradients  on  the  Start - 
Oscillation  Conditions.  It  has  been  shown  that  the  start-oscillation 
current  In  a  backweurd -wave  oscillator  whose  beam  potential  Is  non- 
xinlform  can  be  lower  thsm  one  with  a  uniform  potential  If  both  are  to 
oscillate  at  the  same  frequency  and  are  of  the  same  length.  This  was 
foimd  to  be  the  case  for  weedc  gradients .  Bie  kind  of  gradient  is  not 
critical,  but  the  strength  of  the  gradient  is  certainly  significant. 

It  has  been  foxind  that  for  the  kinds  of  gradients  Investigated  above, 
the  start -08  cl  nation  current  starts  to  increase  very  rapidly  idien  a 
certain  strength  of  gradient  is  reached.  For  those  cases  a  "no 
oscillation"  region  sets  In  \dien  the  gradient  becomes  stronger  than  a 
certain  value .  This  suggests  that  the  voltage  gradient  can  be  chosen 

to  either  decrease  the  start-oscillation  current  or  to  suppress  backward- 
wave  oscillations  in  forward -wave  amplifiers. 

It  is  worldly  to  note  here  that  some  experimental  results  obtained 
at  Stanford®  on  a  linear  voltage  gradient  agree  qualitatively  with  those 
obtained  here.  Figure  2,  page  k2  of  that  report  shows  a  slight  decrease 
in  the  st€u:t-o8cillation  current  for  a  weak  gradient  and  rapid  increase 
in  the  oscillation  current  vhen  the  gradient  is  made  stronger. 

3.5.9  Sinusoideg  Beam  Potentleg  Variation.  In  this  section  the 
effect  of  a  sinusoidally  veurylng  beam  potential  on  the  steurt-osclllatlon 
conditions  is  investigated.  It  was  mentioned  earlier  that  this  type  of 
beam  potential  variation  is  inherent  in  the  operation  of  electrostatically 
focused  backward -wave  oscillators^^®,  tore  then,  the  circuit  phase 
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veloclty  Is  assuned  constant  and  the  1)6801  potential  varies  as  a  function 
of  dlstwce  along  the  tube  as  follows: 


V 


0 


A 


(3.91) 


vhere  L  »  the  length  of  the  focusing  period. 

We  can  express  Eq,  3*91  in  terms  of  the  normalized  coordinate  y 
as  follows: 


• 

/ 

'  V  M 

V  =  V 

1  -  A  cos  ( 

) 

-J 

0 

0 

0 

L  \ 

V  yo/J 

(3.92) 


or 


^o  “  ^00  ^  ^ 


(3.93) 


\diere 


2j(N 


Of 


d-c 


and  *  the  nimber  of  d-c  focusing  periods  in  the  tube. 

6(y)  and  5(y)  in  Eqs.  3.42  through  3.44  then  become, 

5(y)  -  1  ,  (3.9't) 

?(y)  -  [1  -  A  cos  ay]  .  (3*95) 


Substituting  the  above  values  of  |(y)  and  5(y)  in  Eqs.  3-^2  through 
3.^^  results  In  the  following  set  of  equations: 


^  V 


dy* 


/  1  +  C  D  N  2  . 

(  -5-2-)  T^„(y)  -  js  f  (1  *  c^b)  Vy) 

^  O  '  o 


bOod 


C„b) 


-  J8C^  d(l  t 


(3.96) 
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[l  -  A  cos  ay 


dy 


[l  -  A  cos  ay 


in' 


dp  (y) 

+  [1  -  A  cos  ay]^/^  — ^ - 


+  f  aAslnay  J_  , 

L  2[1  -  A  cos  ay]^^®  -J 


P^n^y)  =  0  ,  (3.97) 


1 

2 


dy 


+  J 


4C  QC 
o 


[1 


2C^‘»/^]‘ 


(TT^T) 


.1  ^  aA  sin  gy 

2[l  -  A  cos  ay]^/^- 


u 


in 


(y) 


du  (y) 

+  [1  -  A  cos  ay]i/2__yL —  ^  (3,58) 

The  solution  of  the  above  equations  is  discussed  in  detail  in  Appendix 
B.2.  IHie  results  are  presented  here  in  Figs,  ^.kk  through  3.53.  In 
these  figures  the  start-oscillation  conditions  in  the  nonuniform  oscil¬ 
lator  are  compared  to  those  of  a  xiniform  one  for  different  values  of  a, 
>rtiich  is  a  measure  of  the  number  of  d-c  focusing  periods.  These  condi¬ 
tions  are  plotted  as  a  function  of  A  idiich  is  a  measure  of  the  deviation 
from  the  uniform  potential. 

It  can  be  seen  from  the  figures  that  the  average  potential  In  the 
two  cases  is  the  same.  The  start -oscillation  current  Increases  >dien 
either  a  or  A  is  Increeised .  However,  in  most  of  the  cases  that  were 
investigated  the  increase  is  slight.  Another  way  of  interpreting  these 
results  idiich  cure  mentioned  earlier,  Is  outlined  below. 
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iio.  3.52  VB.  A  fOR  A  emmomL 

BEAM  FOmnAI.  VABIAXIOi.  (C  -  O.O3,  QB  -  O.3,  4  •  0} 


no.  3.53  \^o  V8.  A  fOR  A  SDtUSOIIAL 

EBAli  FO!llll!FIAL  VARIAnGH.  (C  «  O.O3,  QC  -  0. 3,  d  -  O) 
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Since  the  average  beam  potential  Is  the  same  In  both  tubes >  then 
holding  constant  meeuis  the  start-osclllatlon  current  Is  the  same  In 
both  of  them.  Q^e  start-osclllatlon  length  can  then  be  compared  as. 


CN 


CS_ 


Sii 


s.o 


(3.99) 


CNs,i/(®s,o  plotted  in  the  figures.  It  is  seen  that  for  the  wide 
range  of  ca-ses  considered  here  the  increase  in  the  start-osclllatlon 
length  is  slight. 


CHAFFER  IV.  EFTTCZENCY  OF  NONUNIFORN  BACKHABD^AVE  OSCILLATORS 


4.1  Introduction 

In  the  last  two  chaptezw  the  start  >08cillat Ion  conditions  were 
detexTDined  by  anploying  a  linear  theory  which  is  valid  up  to  start 
oscillation.  ISiis  was  valid,  since  up  to  start  oscillation  the  r-f 
signal  levels  are  very  small  and  thus  products  of  a-c  quantities  could 
be  neglected.  Also  the  hydrodynamlcal  equation  of  flow  was  employed 
idiich  is  valid  up  to  stazi;  oscillation  because  the  spread  in  electron 
velocities  up  to  this  point  is  small  coevazed  to  the  d-c  velocity  so 
that  all  electrcms  pusing  a  given  point  can  be  assumed  to  have  the 
same  velocity. 

In  an  operating*  backward -wave  oscillator,  however,  idiere  the  r-f 
fields  aze  appreciable,  a  nonlinear  anaQysls  of  the  device  becomes  essen¬ 
tial  since  it  is  the  non linearities  that  ultimately  detezmlne  the  output 
levels  and  operating  frequency.  Due  to  the  severe  bunching  effects 
shown  theoreticedly  by  Sedln^^  and  experimentally  by  Gewartowskl^^  the 
hydrodynamlcal  equatlcm  of  flow  becomes  invalid  since  the  spread  in 
electron  velocities  now  becomes  appreciable  and  the  possibility  of  elec¬ 
tron  trajectory  crossing  becomes  more  likely.  Thus  a  nonlinear  analysis 
employing  a  lagrangian  fozoulatlon  must  be  utilized  in  order  to  study 
the  characteristics  of  an  operating  tube.  Rowe^  and  Sedln^^  have 
utilized  such  an  analysis  to  study  the  characteristics  of  a  unifozm 
backward-wave  oscillator.  In  this  chapter  Rowe's^  equations  are 

*  An  operating  backward-wave  oscillator  is  «>e  which  is  operating  at 
currents  well  above  the  start -oscillation  current. 
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modified  to  aecaomodate  a  nonunlfoxiBlty  in  the  circuit  jihaae  velocity 
or  the  bean  potential.  The  reaulting  set  of  nonlinear  Integro-differ- 
entlal  equations  are  then  solved  on  a  digital  conputer. 

4.2  Nonlinear  Large -Signal  Equations 

In  the  following  paragrai^  the  equations  descrlhing  the  behavior 
of  an  operating  backward-wave  oscillator  are  derived.  The  following 
simplifying  assumptions,  ^ich  aid  the  treatment  of  the  interaction 
problem  but  do  not  essentially  limit  the  applicability  of  these  equa¬ 
tions  to  a  practical  situation,  are  introduced. 

1.  The  problem  Is  restricted  to  one  dlmenslcm.  Thus  the  r-f 
fields  are  assumed  to  be  uniform  In  the  transverse  plane,  and  no  density 
variations  exist  within  the  stream.  There  is  no  lateral  motlcnx  of 
electrons  under  these  conditions  and  hence  no  scailloping  of  the  beam 
boundary.  Such  a  case  is  essentially  true  in  a  backward ^wave  oscillator 
where  a  thin  hollow  stream  is  employed  and  a  strong  d-c  focusing  magnetic 
field  colinear  with  the  stream  Is  employed. 

2.  The  electrons  are  assumed  to  enter  the  slow-wave  structvire  at 
the  same  velocity.  That  is,  thermal  velocity  distribution  of  the  elec¬ 
trons  Is  neglected. 

3.  The  electron  velocities  are  assumed  to  be  very  small  coagpared 
to  the  velocity  of  light.  Thus  nonrelatlvlstlc  equations  are  employed. 
Therefore  the  magnetic  field  generated  by  the  electron's  own  motion  is 
negligible.  The  effect  of  the  magnetic  vector  potential  can  also  be 
neglected  and  the  equations  of  electrostatics  are  applicable. 

4.  The  field  Interaction  problem  which  is  actually  present  Iwre  is 
represented  by  an  equivalent  lumped-c«istant  transmission-line  model. 

The  inductance  and  capacitance  per  unit  length  of  tim  lixie  are  chosen  to 
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match  the  wave  phase  velocity  and  the  longitudinal  electric  field  acting 
on  the  electrcms  for  the  pertinent  slow-wave  structure  to  he  employed. 
This  Is  essentially  true  for  a  single  mode  of  a  structure  where  the 
phase  velocity  Is  very  small  compared  to  the  velocity  of  light.  This 
also  adds  flexibility  to  the  equations  in  that  it  makes  the  theory  more 
general  and  applicable  to  any  structure. 

With  the  above  assumptions  we  now  proceed  to  the  development  of 
the  basic  equations. 


4.5  The  Circuit  Eqxiatlon  of  a  Nonunlfona  Transmission  Line  in  the 
Presence  of  the  Stream 

This  equation  has  been  derived  In  Sectlcxi  5.2.1  and  is  written 
below  for  convenience, 

1  p  ^  dZ^(z) 

o 

^  1 

V  (z) 
o 

'  "  TTIT  L  “ir-j 

o'  ^ 

whenever  a  double  sign  appears,  the  top  one  refen  to  the  forward-wave 
amplifier  and  the  lower  one  to  the  backmrd-wave  oscillator.  The 
quantities  appearing  In  the  above  equations  have  already  been  defined 
In  Sectl(»x  5«2.1  and  will  not  be  npeated  here.  A  similar  equation  has 
also  been  employed  by  Meeker  and  Bowe^^  In  the  forward-wave  aiqpllfler 
study. 


L  z  (z) 

O 

dv^(z)  T  Sv^(z,t)  aBC^(z)d(2)  dv^(z,t) 

^  J  dt  ^ 

Zjj(z)  r  S®p(z,t)  5p(z,t) 
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4.4  The  Force  Equation 

With  the  assumptions  Introduced  In  Section  4.2  the  nevton  force 
equation  can  be  written  as. 


d^z 


“  hi  ^,(z>t)  +f^^(z,t)  +?4.j.(z) 


ih.2B) 


r  3V  (z,t)  9Vg(,  (z,t)  dV.  (z)-| 


where 


f  (z,t) 

Egc^(z,t) 


the  charge-to-mass  ratio  of  an  electron,  coul./kg., 

-  3V^(z,t)/9z  =  the  r-f  circuit  field  Intensity,  volts/m, 

-  3v  (z,t)/dz  =  the  space-charge  field  intensity, 

SC 

1 

volts /m, 

-  dv^_^(z)/dz  =  the  d-c  field,  volts /m,  and  is  a  measure 
of  the  nonxinlformlty  of  the  d-c  beam  potential. 


4.5  Lagranglan  Fonnulatlon 

4,5,1  Large -Signal  Independent  Variables  and  Normalized 
Coordinates .  In  the  large -signal  operation  of  the  backward -wave  oscilla¬ 
tor,  the  electron  spread  will  be  appreciable  and  thus  electron  groups 
will  have  different  velocities  at  different  points  along  the  tube.  This 
may  lead  to  electron  trajectory  crossings,  l.e.,  electrons  idilch  enter 
the  tube  later  overtake  those  that  entered  earlier.  It  Is  then  necessary 
to  introduce  a  set  of  independent  variables  suited  to  following  the 
Indlvldvial  electron  groups  along  the  tube.  This  Is  achieved  hy  Intro¬ 
ducing  a  new  coordinate  which  Is  essentially  a  tag  designating,  for  each 
electrm  group,  the  tine  at  which  such  a  grov9  enters  the  tube,  l.e.,  t^^^, 
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t  are  the  different  tinee  at  which  electron  groups  1,2,...,! 

02  Oj 

enter  the  tube.  This  coordinate  systen  was  outlined  by  Rowe^^  idiere  It 
was  employed  to  describe  the  behavior  of  traveling-wave  amplifiers.  The 
large -signal  variables  are  Illustrated  In  Fig.  4.1a  where  four  flight - 
line  diagrams  are  shown.  The  dashed  line  represents  a  fictitious 
reference  trajectory  of  an  electron  starting  at  zero  time  and  position 
and  moving  through  the  tube  with  constant  velocity  u^.  Since,  as  was 
mentl(»)ed  above,  due  to  large -signal  interactions  all  electron  groups 
are  either  speeded  up  or  slowed  down  and  thus  acquire  different  veloc¬ 
ities,  the  velocities  of  the  different  electron  groups  are  defined  at 
any  position  as. 


=  u^[l  +  2  C^jU(z,t  )]  ,  (4.3) 

where  u^  =  the  d-c  electron  velocity  at  the  entrance  to  the  tube,  m/sec. 
and  2  C^u(z,t^j)  u^  =  the  change  in  velocity  of  the  Jth  electron  due  to 
euay  of  the  three  forces  acting  on  it;  namely,  the  r-f  circuit  field,  the 
d-c  gradient,  and  the  coulomb  forces  of  the  other  electrons. 

The  cold  circuit  phase  velocity  which  is  now  a  function  of  dis¬ 
tance  is  defined  as  follows: 


to 

dt 


v^(z) 


1  +  C^b(z) 


(4.4) 


and  it  is  obvious  that  any  noounlfoznlty  In  the  cold  circuit  phase 
velocity  can  be  Introduced  throu^  b(z). 

The  actual  wave  phase  velocity  Is  defined  as. 
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v(z) 


vhere  d(z)  ie  the  phase  lag  of  the  actual  r-f  vave  behind  the  fictitious 
reference  vave  propagating  at  velocity  u^. 

Let  us  nov  introduce  the  following  normalized  variables. 


y»pCz*  —  Cz 
•'  '^e  o  u  o 

o 


which  l8  a  normalized  distance ,  where  N  » 


»  2«  N  (4.6) 

the  number  of  stream  wave¬ 


lengths,  and 


oj 


=  <D  t 


Oj 


(4.7) 


which  is  a  time-phase  of  entry. 

The  newly  evolved  phase  plane  is  shown  in  Fig.  4.1b,  \^re  the 
flight  lines  behave  the  same  eus  in  Fig.  4.1a  except  for  the  scale 
changes. 

4.5.2  Large -Stapal  Dependent  Variables .  The  large -signal 
dependent  variables  now  then  become,  6{y)  which  is  the  phase  lag  of  the 
actual  r-f  wave  behind  the  fictitious  reference  vave  propagating  at 
velocity  u^,  and  the  set  of  9(y,9^j)'s  which  specify  the  phases  of  the  J 
electrons  per  r-f  cycle  relative  to  the  actual  wave  at  position  y.  Later 
in  the  develx^ment  of  the  equations  a  wave  solution  is  assumed  and.  q>  will 
then  mean  siiqply  the  phase  of  the  traveling  wave  at  any  point,  referred 
to  a  reference  phase  of  the  wave  which  ie  the  phase  at  z  ■  0  and  t  «  0. 
Heanwhile,  a  basic  relationship  amMig  the  variables  can  be  written  down 
by  zeferrixig  to  Fig.  4.1b  and  summing  the  phase  angles  at  any  fixed 


distance,  y^.  This  is. 
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g- -  «(yj^)  ■  ‘ot  +  9(yj^>VQj)  .  (^^.8) 

1)..6  Develoanent  of  the  Working  Eguatloas 

In  this  section  the  working  equations  are  developed  In  a  fonn 
idilch  Is  convenient  for  solution  on  a  digital  computer.  Since  these 
equations  axe  very  similar  to  the  large-signal  forward-wave  amplifier 
equatl(»is  idilch  have  been  developed  In  detail  In  the  Uterature^^, 
except  for  a  change  in  the  Impedance  sign,  the  development  here  will 
be  very  brief. 

4.6.1  Phase  Eouatlcm.  The  phase  equation  Is  actually  a  set  of 
equations  relating  the  change  of  phase  of  each  electron  to  the  electron's 
velocity  and  the  actual  travellng^wave  phase  velocity.  There  are  as  many 
equations  as  the  number  of  chosen  electron  groups  per  wavelength.  It  can 
be  written  as  follows^*'®*: 


dq>(y,q>„.)  d0(y) 

....  ■  .  TM  in  I  1 

dy  dy 


2u(y><Po^) 

l  +  2CjjU(y,(pQj) 


4.6.2  Circuit  Equation.  Since  In  this  case  the  periodicity  of 
the  transmission  system  Is  a  function  of  distance  along  It,  a  wave -type 
solution  of  the  following  foxn  Is  assumed. 


V^.(*,t) 


exp  J 


z 


-  7(  a)  cos 


?(a)  cos  [-9(*,t)] 


(4.10) 
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lAere 

-  9(z,t)  ■  OJt  - 

Here  (-<p)  represents  the  phase  angle  of  the  wave  relative  to  a  reference 
phase  of  the  wave  which  Is  the  phase  angle  at  z  >  0  and  t  *  0. 

Substituting  the  value  of  V  (z,t)  from  Eq.  4.10  Into  Eq.  4.1  and 

c 

eurranging  results  In, 

-  »Hznz)  t  7(.) 

L  dz  v®(*) 


% 

/ 


^(z)  dz 


(^.11) 


vjz) 


dz 


-j  +  sln(-v)j^2  ^(z) 


dV(z) 

dz 


+  V(*) 


dO(z) 

dz 


Z  (z) 

-~-rV(z)p(z) 
V  (z) 


+ 


2  <0®  C^d(z) 

““TuT" 


I  faifl  r 
V  (z)  L 

o'  ' 


+  2  0)  C^(z)d(z)  j  .  (4.12) 

The  space-charge  density  p(z,t)  Is  next  expanded  In  a  Fourier 
series  in  the  phase  dlnensloo  as  follows: 

flO 

p(z,t)  ■  ^  ^  cos  n( -9)  +  sin  n(-q)) 

n*! 


(4.13) 
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vhere 


n(-9) 


2it 

i  y  p(z,t)  cos  n(-9)dv(»,t)  ,  (4.15) 

0 

2* 

\  ^  ^  J  P(*>*)  n(-9)df(z,t)  .  (4.16) 

0 

The  above  expansion  Is  equivalent  to  a  frequency  expansion  which 
expresses  the  harmonic  content  of  a  bunched  beam.  It  is  assumed  here 
that  the  induced  volta^  on  the  circuit  is  limited  to  the  fundamental 
frequency,  so  that  p(z,t)  on  the  ri^t-hand  side  of  Eq.  4.12  becomes 
Just, 

p(z,t)  .  co8( -9)  +  sln( -9)  ,  (4.1?) 

where  A^  and  are  given  by  Eqs.  4.15  and  4.l6. 

Substituting  Eq.  4.17  i°to  4.12  and  equating  the  coefficients  of 
sin(  -(f)  and  cos(  -9)  on  both  sides  of  the  equation  results  in  the  following 
two  equations: 


“•1  !2^!l  flil 

;^J  •  a.  “  v^(.)  it 


V*) 


2« 

J  p[t,v(t  ,t)]  cos(-9)d9 
0 


2«(*)  1  T 

»  2<B^Cg(z)  d(z)  j  J  p[z,9(z,t)]  8ln(-9)d9  ,  (4.18) 
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.  ,  dv(*)  ^  eo(z)  d  , 

2  ”di”  "3i - S’ 


v^(z) 


2  0)^  C^(z)  d(z)  ^ 


vj(*) 


Z  (z)  ,  ^ 

V(z)  «  ±^p^a,a_  J  p[z,q>(z,t)]  8iJi(-q>)d9 


Zo(z) 


2k 


±  2  as*  C^(z)d(z)  j  J  p[z,(p(z,t)]  cos(HP)d9  .  (4.19) 

O  ft 


The  space -charge  density  oust  now  he  expressed  in  tezos  of  the 
Lagranglan  variables.  This  can  be  achieved  by  considering  the  ccxiserva* 
tion  of  charge  so  that  the  following  expression  can  be  written  down. 


p(z,t)  dz  -  p(0,0)dz  *  “dz  > 

“o 


(4.20) 


idiere  Is  a  nec^tive  quantity  defined  as  «  p(0,0)u^.  Introducing 
the  nomallzed  and  Lagranglan  variables  Into  the  above  equations  results 

lni4,34 


p(z,t)  »  p(y,q>)  = 


dq>^ 


%  [l+2CQu(y,<Pj,j)]dq) 

The  following  q^iantlty  Is  now  defined. 


(4.21) 


A(y) 


I  z 
o  o 


(4.22) 


With  this  definition  the  ratio  of  the  r-f  power  at  any  point  y  to  the 
streaa  d-c  power  can  now  be  expressed  approxinately  as^^, 


MIq  of  mSL  .20  AB(y)  . 

d-e  power  o  'v;  • 


(4.23) 
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Substltuting  Eqs.  4.21  and  4.22  in  Eqs.  4.1fi  and  4.19  and  Introducing 
the  noxnaliscd  variables  ve  finally  obtain  the  foUoving  two  eiireult 
working  equations, 


d®A(y)  ,  J  1  d0(y)\2  f 

-  A(y)[  g- - A 


H^b(y) 


dA(y) 

dy 


fd  .  Z(z) 


l  +  C^bCy) 


db(y)-| 

dy  J 


■(¥■) 


1+C^b(y) 

JfC, 


COB  <l)(y,<|i' Jdqj' . 

.1— —  — gd.- . SJ  +  2  C 

l  +  2C^u(y,9l^)  ° 


l+2C^u(y,q)'j)  J  ’ 


(4.24) 


./  J  d*0(y)  /d®(y)  1  \/d 


z(y) 


l  +  C^b(y) 


db(y) 

dy 


2d(y) 

C. 


z(y)  J 

\  l  +  2CQu(y,  9^) 


^  cos  9(yy9'.)d9' .  -I 

-  2  C  d(y)  /  - .  (4.25) 

®  J  l  +  2C„u(y,(||^  )  J 


Wherever  a  double  sign  appears  in  the  above  equations  the  top  one  refers 
to  the  forward-wave  amplifier  and  the  lower  rae  to  the  backward«<mve 


oscillator. 


4.6.5  !nie  Force  Bcuatlon.  The  develojawnt  of  the  foz^e  eq^uetioe 
iB  stral^tforwerd.  The  form  of  the  space -cherge  field  employed  here 
is  that  derived  by  Rowe^^.  In  this  method  tiie  force  on  a  particular 
electron  due  to  all  other  electrons  was  calculated  under  the  assmgptlon 
that  all  electrons  were  at  a  position  y  but  each  had  a  different  phase. 
!IMs  mettiod  Is  consistent  with  the  manner  In  which  the  problem  was 
Integrated,  and  the  equivalence  of  this  method  to  that  employed  by 
Tlen^  has  been  Illustrated  by  Rowe^*^  In  another  paper.  In  that  paper 
good  agreement  was  obtained  between  the  nonlinear  THA  performance  using 
the  above  method  and  Tien's  method.  Both  authors  essentially  utilise 
the  electrcm  distribution  In  time  In  place  of  the  actual  space  distri¬ 
bution. 

Substituting  the  normalized  variables  and  Lagranglan  coordinates 
In  the  force  equation  (Eq.  4.2)  results  In, 

r  /  d0(y)\ 


+  C. 


dy 


C06 


dy 


+ 


1 


(4.26) 


The  foUowlag  definitions  have  been  niplc^ed  In  the  above  equa¬ 
tions, 

VgCy)  *  cold  circuit  phase  velocity, 
v(y)  ■  actual  plwse  velocity. 
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^  1  +  c^iy) 


t 


A 


1 


I 

0  dy 


*a-c<y>  ■  Vd-c(i'>Ao^- 

4.7  Discussloo  of  the  Working  Eguatloog  and  Boundary  CoodltiOM 

In  the  developnent  of  the  shove  equations  a  aingle-wave  eolutlcn 
vas  aasuned.  For  this  to  hold  exactly  the  transadse ion-line  character¬ 
istic  iatpedance  oust  be  unlfonn.  However,  if  the  nonunifonalty  vazdes 
very  slowly  with  distance,  which  is  the  case  here,  the  above  wave  solu¬ 
tion  is  appraxloately  correct.  Also  the  chazacterlstlc  iaipedance  of  the 
transailsslon  line  was  replaced  by  the  lnteracti<»i  iaipedance.  This  is  a 
good  approxioation  for  slow  waves.  For  slow  waves  the  two  latpedances 
are  related  as  follows^: 

•  ('*•«« 

The  independent  variables  in  the  above  equations  are  y  and 
The  dependent  variables  are  A(y),  vCFjVqj)  u(y,q»^j).  Ihe  bouMary 
conditions  can  now  be  represented  as  follows: 

1.  The  electrons  axe  assutaed  to  enter  the  interacticm  regl<»i  with 
no  aradulatlon  (unless  the  beam  is  prebunched) .  This  results  in 

u(0,q>^j)  -  0  .  (4.26) 

2.  The  initial  phases  of  the  entering  particles  axe  unifozvly 
spaced.  This  yields 
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V. 


oi 


(^•29) 


\ibBre  n  Is  the  total  nuaber  of  electroQ  groups  chosen  per  r-f  cycle. 
The  value  of  n  chosen  In  later  cooqputations  is  32. 


3.  e(0)  -  0. 

4.  A(0)  Is  arbitrarily  chosen  and  a  trial  and  error  procedure  is 
employed  to  find  the  correct  A(0)  for  different  operating  conditions. 


5. 


The  boundary  condltloos 


dA(y)/dyjy^  and  da(y)/dy|^ 


can  be  easily  obtained  by  considering  Eq.  3«2,  namely. 


dz 


L(*) 


hljz,t) 


at 


(^.30) 


The  characteristic  impedance  of  the  line  Z  at  z 
expressed  za, 

Z. 


0  can  be 


V  (0) 

c _ 


1.(0) 


(‘>.31) 


Equation  U.30  can  then  be  expressed  as  follows. 


3v^(a,t) 


ZmO 


aaDCjjd(O) 

Vo(0) 


However,  from  Eq.  U.IO  we  have. 


(1^.32) 


Vg(z,t)  -  7(z)  coe[-9(*,t)]  .  (*».33) 

By  differentiating  Eq.  ^.33  with  respect  to  z  and  evaluating  it  at 
z  >  0,  we  get. 


at 


tmO 


-  -  J  ^g(0)p(0)  eo«(-^)  -JJ— 


s«0 


cos(-9) 


(l^.34) 
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Equating  the  z«al  and  Imaginary  parts  of  Eqs.  4.32  and  4.34  gives 


P(0) 


(D 


v,(0) 


f„(0) 


(■i.SJ) 


and 


dV(z) 

dz 


z=0 


2  P^(0)C^d(0)Vg(0) 


(4.36) 


dividing  Eq.  4.35  by  yields 


P(o)  1  p  de 

Pe  “  o  dy 


P_(0) 

-  .  l.Cb(O) 

y=0  ^e 


(4.37) 


and  thus 


dy 


y*0 


=  -  b(0) 


(4.38) 


Introducing  the  noznallzed  vaodable  y  into  Eq.  4.36  results  in. 


dA(y) 

dy 


y*0 


2[1  +  C^b(0)  ]d(0)A(0) 


(^.39) 


idiere  as  mentioned  above  A(0)  is  arbitrary. 

The  working  equations  have  been  programned  on  a  digital  computer 
and  solved  for  different  operating  parameters.  A  detailed  discussion 
of  the  solution  of  these  equations  on  the  digital  computer  can  be  fouzid 
in  the  literature^  and  will  not  be  included  here. 


4.8  Phase  Focusing  in  O-^Type  Backward -Wave  Devices 

The  idea  of  phase  focusing  has  been  successfully  applied  to 
forward-wave  aa^lifier^*.  There  a  considerable  enhancement  in  the 
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efficlency  of  the  device  wee  obtained.  Since  the  operation  of  "O-type" 
forwazd.  and  backward  devices  Is  slallar  In  several  respects,  the  appli¬ 
cation  of  phase  focusing  to  backward -wave  devices  Is  Investigated  here. 

An  understanding  of  jhase  focusing  In  backward-wave  devices  Is 
facilitated  by  examining  the  phase  and  velocity  of  the  electron  groups 
at  different  positions  along  the  tube.  It  should  be  recalled  that  the 
output  In  a  backward-wave  device  Is  at  y  >  0.  Figures  k.2  and  4.3 
Illustrate  the  velocity  versus  phase  for  the  different  electron  groupis 
(32  In  total)  In  a  uniform  tube,  and  a  tapered  tube  respectively.  A 
plot  of  the  r-f  amplitudes  as  a  function  of  noznallzed  distance  y  Is 
shown  In  Fig.  4.4.  It  can  be  seen  from  Fig.  4.2  that  the  electrons  all 
start  out  with  the  same  velocity  u^  and  the  phases  at  y  »  0  are  uni¬ 
formly  distributed  over  the  period  of  the  r-f  cycle  so  that  at  y  s  o, 

>  2xj/n,  where  n  Is  the  total  number  of  electron  groups  chosen.  It 
Is  thus  seen  that  at  y  -  0,  half  of  the  electron  groups  are  In  a 
decelerating  phase  and  the  other  half  In  an  accelerating  phase.  The 
velocity  versus  phase  diagram  also  shows  that  at  points  farther  down  the 
tube  more  electrons  are  In  the  decelerating  than  the  accelerating  phase 
and  on  the  average  moze  electrons  are  decelerated  and  thus  kinetic 
energy  Is  converted  Into  r-f  energy.  However  at  a  cezi;aln  y  position  the 
electron  groups  start  to  slip  back  Into  the  stcceleratlng  phase  and  thus 
on  the  average  the  electrons  start  to  gain  energy  from  the  r-f  wave.  Up 
to  this  point  the  r-f  field  Is  decreasing  with  distance  (see  Fig.  4.4) 
but  It  starts  to  increase  with  distance  when  more  electron  groupts  are 
present  in  the  accelerating  phase  than  the  decelerating  phase.  This 
slttiatlon  can  be  alleviated  sooeidiat  by  trying  to  keep  the  electrons 
In  a  favorable  decelerating  phase  and  thus  extract  more  energy  from  them. 
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m.  4.4  A(y)  VS.  y  FOR  UNIFORM  AND  TAFERED  TUB^.  lAI^  SIAftTS 
AT  y  -  1.7.  (C  -  0.05,  -  1.685,  QC  -  0) 


This  otD  be  achieved  by  either  of  two  laethode^*,  the  first  eatploys  a 
circuit  phase  velocity  taper  and  the  other  a  d-c  voltage  gradient.  Figure 
^.3  Illustrates  the  phase -focusing  criteria  using  a  circuit  phase  velocity 
taper.  This  figure  Is  similar  to  Fig.  k.2  for  a  lulfom  tube,  but  It  Is 
seen  here  that  the  electrons  are  kept  In  a  favorable  deceleratlzig  phase 
and  thus  more  kinetic  enezgy  Is  extracted  from  the  beam.  The  normalized 
r-f  voltage  amplitude  Is  plotted  as  a  function  of  y  for  the  two  cases  In 
Fig.  h.4.  The  Input  r-f  power  In  each  case  would  correspond  to  the 
minimum  value  of  A(y)  and  the  output  r-f  power  correspond  to  the  value 
of  A(y)  at  y  *  0.  The  efficiency  t)  can  be  expressed  as 

Ti  =  2CJA*(0)  -A|^(y)]  . 

Since  a  circuit  phue  velocity  taper  Is  more  practical  and  much 
easier  to  achieve  than  a  d-c  gradient  It  Is  considered  In  detail  In  the 
following  section. 

4.9  Circuit  Riase  Velocity  Tapers  for  Phase  Focus  tog 

By  examining  the  velocity  versus  phase  diagrams  of  Figs.  4.2  and 
4.3  It  can  be  appreciated  that  due  to  the  difference  of  jAiase  of  the 
electron  groups,  a  certain  circuit  phase  velocity  taper  which  Is  applied 
to  keep  a  certain  group  of  electrons  In  a  favorable  phase  might  tend  to 
defocus  other  electron  groups.  Had  It  not  been  for  the  difference  In 
phase  among  the  electron  groups,  l.e..  If  all  the  electron  groups  were  at 
one  phase  angle  relative  to  the  r-f  wave,  then  a  circuit  velocity  taper 
can  be  developed  to  keep  the  electron  group  at  this  phase  angle  and  thus 
extract  all  the  kinetic  energy  from  It.  Since  at  some  point  down  the 
tube  the  electron  beam  becomes  'Vmehed"  and  the  spread  In  phase  Is  not 
as  great  as  It  Is  at  tlw  beginning  of  the  tube,  the  velocity  taper  should 


be  applied  at  sane  point  down  the  tube  at  vhleh  the  jAune  dlffezenee 
aaong  electrons  Is  smallest. 

In  order  to  obtain  sane  guideline  as  to  vhat  form  the  circuit 
taper  must  tahe,  a  hypothetical  situation  where  all  the  electron  groups 
are  assvooed  to  have  the  same  phase  with  respect  to  the  r-f  wave  and  the 
same  velocity  is  assiuaed.  This  of  course  zesults  In  one  "big"  electron 
at  a  certain  phase  angle  9^.  This  kind  of  approximation  Is  referred  to 
as  the  "hard -kernel-bunch"  approximation  which  was  employed  by  Meeker 
and  Rowe^^  for  phase  focusing  In  forward -wave  amplifiers.  Under  this 
approximation  circuit  phase  velocity  tapers  can  be  developed  idilch  keep 
this  "big"  electron  In  a  favorable  phase  and  thus  extract  all  the  kinetic 
energy  frcxn  It.  These  approximate  velocity  tapers  can  then  be  applied 
to  realistic  situations  where  the  electron  i^iases  and  velocities  are 
different,  but  with  their  weighted  average  phase  and  velocity  corre¬ 
sponding  to  that  of  the  "big"  electron. 

4,9.1  Circuit  Phase  Velocity  Taners  Ifader  Hard -Kernel-Bunch 
Approximation.  Under  this  approximation  the  phase  £q.  4.9,  and  the 
fox^e  Eq.  4.26,  equations  idilch  are  actually  a  set  of  equations  con¬ 
taining  as  many  equations  each  as  the  number  of  electron  groups  chosen, 
now  reduce  to  one  equatim  each. 

Since  the  electron  phase  angle  4)^  Is  now  forced  to  stay  constant 
along  the  tube,  the  phase  equation  reduces  to, 

d0(y)  2  u(y,<p  ) 

i -  .  (4.41) 

^  l+2C^u(y,q)j) 

Equation  4.4l  can  be  easily  transformed  Into  the  following  form. 


u 


1  -  C 


<ifl(y) 

0  dy 


u^[l +2  C^u(y,^»j)]  , 


(It. 42) 


which  actually  says  that  In  order  to  keep  the  electron  at  a  constant 
phase,  the  electron  velocity  and  the  actual  wave  phase  velocity  must  he 
equal;  a  result  which  is  intuitively  obvious. 

The  following  quantities  eure  now  defined: 


x(y)  =  [1 +2  C^u(y,(pp] 


(4.43) 


and 


<i(y) 


A  ^o^y^ 


l+C-b(y) 


(4.44) 


Neglecting  space -^charge  effects  and  the  d-c  gradient  and  utilizing 
Eqs.  through  the  force  equation  reduces  to 


dx(y) 

dy 


2  0  *(y)  2  05  , 


(>tM) 


Neglecting  circuit  lossy  the  first  of  the  circuit  equations. 


(Eq.  A.2^)  now  becomes, 
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d*A(y) 

dy* 


d9(y)V  / 


1+C^b(y)y-| 

C  J 

0  ' 


dA(y)  U  .  ^  db(y)-| 

dy  Uy  1+C^b(y)  dy  J 


/  Z^(yK  [H-C^b(y)l  coey^  *? 
^  /  KC^[l+2C^u(y,<Pf)  qJ 


d<p' 


(4.46) 


and  the  second  circuit  equation  (Eq.  4.25)  becomes > 


A(y) 


~d^e(y) 


dy®  \  dy 


/^d9(y)  _  ^o^^^ 


in 


^o  db(y)  \  1  ,  g  rdg(y)  1  1  dA(y) 

■"  1  +C^b(y)  ^  J  j  L  ^  J  dy 


f  l-^Cob(y)x  Sin  9^  . 

\  «C^  y  1  +  2  C^u(y,<pf)  J  " 


(4.47) 


Whenever  a  double  sign  appeanrs  the  top  one  refers  to  a  forweo^-vave 
amplifier  and  the  bottom  cme  to  a  backMmrd-vave  device. 

By  emplc^ing  Eqs.  4.42  throui^  4.44  and  azranging,  Eq.  4.46  can 
be  written  in  the  following  fozm, 
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d»A(y)  A(y)  fi  ^  -j  dA(y)  U  1 

■"3y5”  ■  C8  Ix^  ■  q*  J  ■  dy  [dy  “  "  q(y)  dy  J 


a  T 


2  cos -9^ 

CoX(y)q(y) 


(4.48) 


and  Eq.  4.47  becomes 


dA(y) 

dy 


sin  q).  r  . 


dx(y) 

dy 


+ 


l(± 

2  W 


q(y) 


dq(y)  \  ■ 
dy  J 


(4.49) 


Equations  4.4^,  4.46  and  4.49  vere  solved  on  a  digital  computer  for  one 
r.pre..nt.tl,.  cue  Z^(y)  n.  .«»1  to  «a  .  of 

0.0^  and  q>^  >  n/2  vere  chosen.  The  result  is  shown  In  Fig.  4.^ 
where  It  Is  ccmipared  to  the  result  from  an  approximate  solution  for  the 
same  parameters.  It  is  seen  there  that  the  agreement  is  excellent.  The 
approximate  solution  of  the  above  equations  follows. 

4.9.2  Approximate  Velocity  Profiles  for  Tapered  Backwax’d-Wave 
Oscillators .  In  this  section  the  cold  circuit  phase  velocity  is  assumed 
to  be  equal  to  the  actual  wave  phase  velocity  which  as  was  shown  above 
is  equal  to  the  phase -focused  electron  velocity.  This  is  a  very  good 
approximation  for  small  values  of  which  is  the  usual  case  in  a 
backwcurd-wave  oscillator.  This  of  course  makes  x(y)  ■  q(y)  in  the  equa¬ 
tions  of  the  preceding  section.  Under  this  assumption,  and  neglecting 
terms  containing  since  they  will  be  very  small,  Eq.  4.4^  reduces  to. 


dx(y)  2  C  A(y) 


(4.50) 


and  Eq.  k.k^  becomes 


dA(y)  .  ^o^y)  8i»  ‘Pf  A(y)  i 

dy  -  -  2  .  .  + 


dZ^(y) 


x(y)  2  zjiy) 


(4.51) 


Frcjm  Eq.  4.50  we  can  write 


!!l5k  .  .-1 _ X(y)  ^ 

x(y)  2  c  A(y)  dy 


(4.52) 


Substituting  Eq.  4.52  into  4.^1  and  arranging  results  in. 


2  C. 


dx^(y) 

dy 


(4.55) 


Integrating  Eq.  4.55  gives 


2  C  -  -  AHy)  *  ^  x2(y)  +  k  , 

°  z:^(y) 


(4.54) 


wbere  k  is  the  Integntlon  ccsistant.  The  bouzidary  conditions  at  y  «  0 
are  A(0)  =  A^,Z^{0)  »  and  x(0)  *  1.  Substituting  these  in  Eq.  4.54 


we  find. 


k  *  2  A*  ±  1  . 

o  o 


(4.55) 


Substituting  in  Eq.  4.54  we  get 


2  —-2-  A2(y)  -  T  x2(y)  +  2  C  A*  ±  1  . 

0  zJiy)  o  o 


(4.56) 
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This  is  essentially  a  statenent  of  energy  conservatlcm.  It  represents 
the  fact  that  the  r-f  power  gained  Is  equal  to  the  kinetic  power  lost 
hy  the  electron. 

Solving  for  A(y^  from  Eq.  4.^6  we  obtain, 

I  Z-Cy) 

“  J  WT  +  2  A*  ±  1]  .  (4.57) 

V  Q  Q 

Substituting  this  value  of  A(y)  in  Eq.  4.50  end  arranging  yields 


o 


sin  9^  dy 


When  Z^(y)  le  specified  the  above  equation  can  be  solved  for  x(y)  which 
gives  the  required  taper  to  achieve  phase  focxislng.  Since  the  main  cm- 
cem  here  Is  the  backward-wave  oscillator  the  solution  of  the  above 
equaticm  will  be  obtained  for  different  variations  In  Z^(  y) .  Before 
this  Is  done,  however,  a  few  words  about  velocity  tapers  In  forward- 
wave  amplifiers  are  In  order  here. 

Meeker  and  Rowe*'*»®®  have  derived  tapers  for  forward -wave  ampli¬ 
fiers  idilch  are  specialized  to  a  focusing  angle  9^  »  90*.  Equation  4.58 
applies  to  a  forward^wave  amplifier,  with  the  same  assumptions  as  those 
of  theirs,  when  the  top  sign  In  this  equatlcm  la  considered.  It  can  thus 
be  seen  that  the  above  restrlcticm,  namely  9^  «  90*  Is  not  necessary 
because  the  tapers  can  be  obtained  for  any  9^  by  a  slight  modification. 
This  modification  Is  the  Inclusioi  of  sin  9^  In  the  equaticsi.  The  oily 
effect  this  has  on  the  tapers  derived  by  Meeker  and  Rowe  Is  to  change 
the  abscissa  scale  In  their  figures  from  Vr  y  to  42  y  sin  9^. 
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IMb  mak»B  the  tapers  eppUcahle  to  any  phase  focusing  angle  and  thus 
makes  the  tapers  general. 

Vfe  now  turn  to  the  main  concern  here  Vhlch  is  the  backward-vave 
oscillator.  The  velocity  tapers  In  this  case  are  obtained  for  two 
variations  of  Z^(y)  as  follows : 

Case  A.  Constant  Impedance  In  the  Nonunlfom  Region.  This  case  is  a 
good  approximation  for  a  tube  where  a  thin  hollow  beam  moving  very  close 
to  the  slow-wave  structure  Is  employed.  !fe  then  have  here,  Z^(y)  > 
and  Eq,.  applied  to  a  backward-wave  oscillator  now  becomes. 


.  (1..59) 

^  [2  C^  ^  +x*(y)  ] 

Integrating  Eq.  4.^  we  obtain, 

>/Fc^  y  sin  |  '/2  A*  -  x(y)  >/(2  C^^  A®  -1)  +  x*(y)  j 


2  A®-  1 

o  o 


x{y)  +^/2  A*-  1)  +  x®(y) 


1  +>/2  C  A* 
o  o 


(1^.60) 


*(y)  *  <l(y)  !■  plotted  as  a  function  ot -J  2  y  sin  9^  for  different 

values  of  2  C  A®  In  Fig.  4.6. 

00 

Case  B.  Realistic  Impedance  Variation.  A  realistic  inpedance  vmriatlcm 
can  be  prescribed  when  the  fields  for  the  slow-wave  structure  are  known. 
For  a  tape  helix  which  is  widely  used  in  backimrd-wave  oscillators,  such 
an  impedance  variation  can  be  estimated  by  reference  to  the  paper  by  Ash 
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and  Watkins^*.  Ihen,  the  reduction  factor^  for  a  hollow  team  with  Man 
radius  r^  and  small  thickness,  is  given  approximately  hy 


m 


jsillol? 


Ml) 


where  m  refers  to  the  space  haznonic  under  consideration,  namely  (-1)  in 
this  case,  and  a  is  the  mean  radius  of  the  helix.  The  ratio  of  the 
impedance  at  a  radius  r^  in  the  tapered  section  to  that  at  the  same 
radius  in  the  unlfoxn  section  can  he  represented  as  follows*: 


(4.62) 


This  ratio  is  plotted  in  Fig.  4.7  as  a  functi(»i  of  the  ratio  of  the 
tapered  to  the  unlfonn  phase  velocity.  An  impedance  variation  idiich  is 
equal  to  (^p.^-t^^p-iu^*  plotted  in  the  figure  and  it  is  seen  that 
such  a  variation  is  quite  realistic  for  a  tape  helix,  v^  is  the  cold 
circuit  phase  velocity. 

With  such  an  Impedance  variation,  Zjiy)/Z^  in  Eq.  4.58  becomes 


Substituting  Eq.  4.6}  in  Eq.  4.58  we  obtain. 


(4.63) 


^2  0^  sin  q>j  dy 


x(y)  dx(y) 


>/[2  Cq  A|  -l-»-xa(y) 


(4.64) 


*  "t"  refers  to  a  t^^red  seeti(m  and  "u*  to  a  uniform  cme 


Fia.  4.7  BfmAXE  VARIATIOir  fOR  THE  -1  SPACE  HABMCailC  OP  A  TAPE 
merJT  AS  A  PU»n!I(»(  OF  PHASE  VEZCCm.  -  6.0) 
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Integrating  Eq.  4.64  and  ajrranglng  gives 

'/2  Bin  y  ■  Vac©  A®  -  '^(2  A®  -  1)  +  x*(y)  .  (4.65) 

x(y),  idxich  it  should  be  recalled  here  is  equal  to  q(y)  in  this  analysis, 
is  plotted  as  a  function  ot-J 2  y  sin  9^  in  Fig.  4,8.  It  can  be 
easily  deduced  by  coovaring  Figs.  4.6  and  4.8  that  lAen  a  circuit 
inipedance  variation  iriiich  decreases  with  distance  al«ig  the  tube  is 
present,  the  tube  will  be  longer  than  (me  where  the  iapedance  is  ccmstant. 
This  is  to  be  expected  of  course,  since  a  decrease  in  the  interaction 
ifltpedance  ateans  the  energy  ccmversion  process  is  weaUoer  and  thus  a  longer 
distance  is  required  to  achieve  the  sviie  amount  of  energy  ccmversion. 

4.9.3  Agplicaticm  of  Velocity  lepers  to  Practical  Bacln»rd-Wave 
Oscillators .  In  the  last  section  a  "hard-kemel-bunch"  was  assumed  and 
circuit  velocity  tapers  to  focus  this  bunch  in  the  decelerating  field 
of  the  r-f  wave  and  thus  extract  all  or  pert  of  its  kinetic  energy  were 
developed.  The  case  of  a  "hard-kemel-bunch",  however,  is  highly 
idealised  and  in  an  actual  operating  backward-wave  oscillator  the  dif¬ 
ferent  electron  groups  are  diffused  in  phase  and  possess  varying  electrcm 
velocities  as  shown  in  Fig.  4.2.  This  situation  can  be  approximated, 
however,  if  a  premodulated  or  strongly  prebunched  beam^^  is  employed. 

The  difficulty,  of  course,  is  to  be  able  to  achieve  this  prebunching 
over  a  wide  frequency  band  without  resorting  to  aechaitlcal  tuning  and 
thus  negating  the  advantage  of  a  backward -wave  (mciUator. 

nw  velocity  tapers  derived  under  the  above  assumptions  do  serve, 
however,  as  a  guideline  to  the  kind  of  tapers  to  be  used  in  actual  situa¬ 
tions.  By  reference  to  Fig.  4.2  it  can  be  seen  that  at  some  y  valiM 
removed  from  12»  input  the  majority  of  electron  groups  are  in  a  favraable 
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dsceleratiag  iluuie.  A  velocity  taper  can  then  he  eaiployed  vhleh  tends 
to  keep  these  electrons  in  that  favorable  phase  and  thus  extract  nore 
kinetic  energy  from  them.  Since  the  electron  phases  and  velocities  are 
diffused,  one  votild  try  to  focus  the  center  of  gravity  of  the  different 
electron  gx'oups,  so  that  on  the  average  more  energy  can  be  extracted. 

This  vas  performed  here,  and  the  results  are  reported  in  this  section 
where  they  ara  compared  to  the  results  obtained  in  a  similar  uniform 
tube. 

Before  these  results  are  presented  a  few  words  as  to  how  they 
were  obtadned  are  in  order.  ~ne  equations  characterising  the  behavior 
of  the  interaction  lechanism,  namely  Eqs.  h.9,  k,2k,  4.25  aod  4.26  were 
programmed  on  an  i  7090  digital  computer.  For  a  uniform  beuskward-wave 
oscillator,  choosing  a  set  of  operating  pcurameters,  namely  C^,  QP  and  d, 
one  would  then  have  to  make  a  guess  about  the  output  r-f  power  level, 
l.e.,  and  the  corresponding  beam-circuit  synchronism  parameter  b 
idilch  would  force  the  circuit  voltage  A(y)  to  zero  and  thus  obtain  an 
oscillation  condition.  Thus  a  tried  and  error  procedure  ^ich  could  be 
very  lengthy  must  be  employed  to  obtain  oscillation  conditions.  When  a 
circuit  velocity  taper  is  introduced  the  problem  becomes  even  more 
complicated.  It  can  be  appreciated  by  reference  to  the  preceding  section 
that  the  itind  of  taper  and  the  point  at  which  the  taper  should  be  applied 
depend  oa  the  level  of  r-f  output  or  A^  and  the  taper  itself  will  affect 
A^.  Unlike  the  forward-wave  amplifier^*,  idiere  a  certain  Input  r-f 
level  can  be  chosen,  a  circuit  velocity  taper  is  then  applied  at  some 
point  along  the  tube  idiere  a  good  bunch  is  formed,  the  solution  of  the 
equatims  is  then  completed  and  the  output  r-f  level  determined,  one  is 
at  a  loss  in  this  case  as  to  what  should  be  (diosen  first.  The  procedure 
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employed  here  in  de'tenilxilag  ■the  effect  of  ■velocity  tapers  <m  the 
efficiency  is  discussed  below. 

First  a  phase  ■velocity  variation  was  assumed.  The  choice  of  the 
lAxase  velocity  variation  was  based  on  the  tapers  derived  in  the  pre^vlous 
section  under  a  "hard-kemel-bunch"  assumption  and  also  from  a  knowledge 
of  ■the  behavior  of  a  uniform  tube^.  Since  an  analytic  expression  for 
■the  velocity  taper  is  desirable,  the  following  variation  was  assumed. 


Vo(y)  ->/2  C~  y  sin 

.  SB  e 

V  (0) 
o 


(l^.66) 


This  exponential  ■variation  fits  the  derl'ved  tapers  best  and  is  con¬ 
sistent  with  the  actual  r-f  voltage  variation  In  the  tube.  For  a 
particular  C^,  the  strength  of  the  taper  can  be  easily  varied  by  -varying 
sin  The  taper  can  then  be  Introduced  at  different  points  along  the 
tube  and  Its  effect  on  the  output  r-f  le-vel  determined.  Since  the 
velocity  variation  appears  In  the  equations  in  the  fozm  of  b(y),  an 
expression  for  b(y)  can  be  easily  written  as  follows: 


b(y)  =  {(— c^)exp  (y  - ye,t^  ’f]  ■  r }  ' 

idiere  b  =  b(0) , 
o 

y  .  s  the  point  at  irtilch  the  taper  starts 

8  pX 

and 

(y  -  y^^^)  -  0  for  y  <  y^^^  . 

Since  a  trial  and  error  procedure  must  be  cnaployed  to  determine 
the  r-f  output  level,  l.e.,  A  ar^  tlM  beam-circuit  synchronism  parameter 
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b  for  an  operatixtg  osoillAtor,  a  downhill  method  vaa  incorporated  into 
the  coeqputer  program.  The  procedure  employed  in  finding  an  operating 
point  waa  then  aa  foUowa: 

1.  A  certain  eet  of  parametera  for  the  operating  tube  ia  choaen, 
namely  C^,  and  d. 

2.  A  taper  in  the  foxn  of  b(y)  (Eq.  k.67)  ia  applied  at  aone  point 
y  =  y  .  down  the  tube. 

8pZ 

3.  Initial  VEduea  of  A^  ai^  b  are  then  choaen. 

o  o 

h.  Uaing  theae  initial  valuea  of  A  and  b  aa  the  central  point, 

00 

the  computer  detexmlnea  the  minimum  value  of  A(y)  for  a  3  x  3  meah  of 

polnta  in  the  A  ,  b  plane.  The  value  of  A  and  b  at  which  the  minimum 
o  0  00 

value  of  A(y)  Is  lovest  Is  used  as  the  central  point  for  the  next  com¬ 
putations  •  The  process  is  repeated  until  a  set  of  values  of  A  and  h 

o  o 

axe  found  idilch  force  A(y)  to  go  to  zero.  Thia  then  repreaenta  an 
operating  point.  The  process  can  then  be  repeated  of  course  for  different 
tapers  and  parameters.  This  process  eliminates  any  operating  points 
which  were  observed  by  Rowe^°  in  his  study  of  the  unlfozm  oscillator, 
idiere  the  r-f  voltage  on  the  helix  reaches  a  minimum  nonzero  value  at 
some  point  but  does  reach  a  zero  value  at  some  later  point. 

Ihe  results  of  the  cases  investigated  here  are  presented  in  Figs. 

4.9  thztwgh  4.20  and  are  discussed  in  the  following  section. 

4.10  Discuasion  of  Reaulta  on  Tapered  Bacfcward-Wave  Oscillatora 

In  the  following  figures  the  oscillation  cmditions  in  an 
operating  tapered  backmrd^fave  oscillator  are  compared  to  those  in  a 
uniform  one.  Essentially,  the  efficiency,  oscillator  length  and  the  point 
at  which  the  t^psr  starts  axe  presented  in  the  flpizes  for  different 
operating  parameters.  Only  a  few  points  idiieh  represmt  computer 
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OF  FIGS.  4.12  AHD  4.13. 
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1.3  1.5  1.7  Id 


*  Iftiifora  tube  data  was  obtained  Aron  Rowe's  paper^. 
m.  4.1$  COMPARISOR  OP  EFPICIEHCY  IN  UHIfORI  AND  lEAfERED 
BACKKARD-WAVE  08C1LLAI0RS.  URBIRACTIOR  ZHPEDAKIE 
IS  ASSONED  COHSIAHT.  (C  -  0.0$,  QC  >  0.2$,  d  -  0, 
B  ■  1.0,  a'/b'  ■  2.0) 
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solutioas  have  been  obtained.  Ihle  Is  because  the  cooputer  tine  required 
for  finding  an  oscillation  point  is  quite  long  and  thus  very  eigpmsive. 

Ihe  tc^rs  investigated  here  should  not  be  considered  optiaun. 
Other  more  elaborate  schemes  can  be  devised  where  the  coeq?uter  can  be 
prograomed  to  automatically  determine  the  kind  of  velocity  tapers 
required  to  achieve  hifdier  efficiencies.  However,  such  schemes  would 
even  be  more  eiqienslve  since  they  would  require  more  ccaguter  time.  The 
results  presented  in  the  following  figures  do  show  the  usefulness  of 
the  tapers  derived  voider  the  "hard-kemel-bunch"  approximation.  In  all 
the  cases  ccmsidered,  higher  efficiencies  were  obtained  in  a  tapered 
tube  than  that  in  a  uniform  one. 

When  comparing  the  oscillation  conditions  of  a  uniform  and  a 
tapered  tube,  it  is  assumed  that  the  two  tubes  are  operating  at  the 
same  voltage,  same  current  and  same  frequency.  This  makes  in  the 
two  tubes  the  same  since  no  Impedance  variation  is  assumed,  and  the 
oscillation  coodltlona  are  plotted  as  a  function  of  the  synchronism 
parameter  b^.  It  can  then  be  seen  fron  the  figures  that  the  efficiency 
of  a  tapered  tube  is  greater  than  that  in  a  uniform  one,  but  the  physical 
length  in  the  tapered  tube  would  be  slightly  higher.  The  percentage 
Increase  in  efficiency  is  seen  to  be  hl^r  at  an  operating  point  where 
the  efficiency  of  the  vmlfozm  tube  is  low  than  that  at  which  the 
efficiency  of  the  uniform  tube  is  hij^.  It  can  also  be  seen  that  a 
tapered  tube  will  start  oscillating  at  a  lower  value  of  b^  (lower  voltage) 
than  that  of  a  uniform  one  which  confirms  the  results  of  the  small-signal 
ansdysis  of  the  previous  chapters.  It  was  also  found  that  when  these 
tapers  that  were  investigated  here  were  applied  at  the  beginning  of  the 


-1T2- 

tube,  no  oeclUation  condition  could  be  found.  Ibis  was  also  predicted 
by  the  snail -signal  analysis  of  the  previous  chapter. 

From  these  results  we  can  then  conclude  that  velocity  tapers  can 
be  chosen  to  improve  the  efficiency  of  a  backward -wave  oscillator.  Ibe 
strength  of  the  taper  depends  on  how  efficient  a  uniform  tube  Is  to 
start  with,  l.e.,  the  value  of  C^.  The  higher  is  the  stronger  the 
taper.  One  has  to  be  careful  in  choosing  a  taper,  for  if  the  taper  is 
made  stronger  than  a  certain  value  at  a  certain  operating  parameter  C^, 
the  tube  will  not  start  oscillating.  Since  forward -wave  amplifiers  are 
much  more  efficient  than  backward-wave  oscillators  a  much  stronger  taper 
would  be  needed  there  to  achieve  phase  focusing^ Such  a  strong  taper 
while  improving  the  efficiency  of  the  forward-mve  amplifier  may  also 
serve  to  suppress  backward -wave  oscillations  in  those  cases. 

U.ll  Efficiency  in  Electrostaticgdly  Focused  Backward -Wave  Oscillators 
It  is  inherent  in  the  operation  of  an  electrostatically  focused 
tube^^’^^  that  the  beam  potential  varies  approximately  in  a  sinusoidal 
manner  as  follows : 

^0^*^  “  ^oo  ^  ¥■]  ' 


\diere  L  «  the  d-c  focusing  period. 

The  d-c  gradient  force  term  appears  in  the  force  Eq.  h.26  in  the 
form  C^[<iA^,g(y)/dy],  i*ere  A^_g(y)  - 

the  voltage  as  a  function  of  the  nomalised  coordinate  y  as  was  dense  in 
Section  3.^.9  mod  substituting  we  obtadn, 


°o“%^  -  ^8inQ(y 


(^.69^ 


the 


and  »  the  total  nvunher  of  d-c  focusing  periods  In  the  tube. 

Including  the  above  tezn  of  Eq..  U.69  In  the  force  Eq.  4.26, 
oscillation  ccmdltlons  can  be  deteznlned  for  specified  values  of  a  and 
A.  The  equations  were  solved  for  a  few  cases  and  are  presented  In 
Table  4.1  idiere  they  are  compared  to  the  oscillation  conditions  In  a 
uniform  tube  \diose  constant  beam  potential  Is  equcd  to  the  average  beam 
potential  In  the  sinusoidal  case.  For  the  operating  parameters  con¬ 
sidered  here  It  should  be  recalled  that  the  maximum  efficiency^  of  a 
uniform  tube  Is  approximately  1^  percent  and  no  oscillation  can  take 
place  for  b^  values  less  them  l.$. 

Table  4.1 

Conpeurison  of  Efficiency  of  an  Electrostatically-Focused  EWO 

and  a  Unlfoim  One 


Uniform  Tube  I 

Tube  with  Slnusol- 

C  -  0.1 
a  , 

,00-0 

d  «  0 

A  3  0 

cr  =  0 

dal  Beam  Potential 

1 

A 

a 

b 

0 

n  % 

CN 

08C« 

n  % 

CN 

osc. 

0.05 

100 

2.0 

11.2 

0.32 

15.1 

0.37 

100 

1.05 

no  oscillation 

19.0 

0.48 

mm 

100 

no  oscillation 

HB 

50 

2.10 

15  >0.36 

14 

0.334 

mm 

50 

1.3 

no  oscillation 

22 

0.58 

HI 

50 

no  oscillation 

It  Is  seen  from  Tnble  4.1  that  the  efficiency  in  an  electro¬ 
statically  focused  backward-wave  oscillator  is  generally  greater  than 
that  In  a  unlfom  one.  In  order  to  obtain  these  hlj^r  efficiencies 
the  physical  tube  length  oust  be  longer  than  that  of  a  unlfom  tube.  It 
should  be  noticed  that  these  higher  efficiencies  are  obtained  at  an 
average  beam  potential  which  Is  slightly  lower  than  the  unlfom  tube  beam 
potential.  For  the  operating  parameters  Investigated  here,  It  was  found 
that  for  oA  «  200  and  above  no  oscillation  point  could  be  found  m  the 
cmputer. 

Ihe  author  sees  no  apparent  physical  explanatlm  for  the  higher 
efficiencies  obtained.  However,  a  possible  explanatlm  Is  offered.  It 
Is  possible  that  a  sinusoidal  beam  potential  variation  might  inherently 
phase  focus  the  electron  groups  and  make  It  possible  to  extract  more 
energy  from  them.  This  Is  borne  out  by  the  fact  that  at  these  higher 
efficiencies  If  one  examines  the  velocities  and  phases  of  the  different 
electron  groups  at  different  y  positions  8JK»g  the  tube,  one  finds  that 
in  the  sinusoidal  beam  potential  tube  the  electrons  stay  In  the  decel¬ 
erating  field  a  longer  distance  and  give  up  more  of  their  kinetic  energy 
to  the  r-f  field.  It  Is  that  the  degree  of  energy  conversion 

under  such  conditions  warrants  further  study. 


aiAFOER  V.  EXFERIMBIITAL  TAFERBO  BACKMARD-KA.VE  OSCILLATCB 


5.1  Tapered  BWO 

In  order  to  study  the  effect  of  circuit  velocity  tapers  on  the 
start-oscillation  current  and  efficiency,  the  parts  for  a  canmercladly 
available  Huggins  "HO-1"  backward -wave  oscillator  were  obtained  and  the 
tape  helix  slow-wave  circuit  was  modified  to  Include  a  pitch  variation 
toward  the  collector  end  of  the  tube.  This  oscillator  operates  in  the 
S-band  frequency  range  and  the  pertinent  dimensions  are  given  in  Table 
5.1. 


Table  5.1 


Beam  and  Helix  Dimensions 

of  Experimental  Tube 

Uniform  Helix  Pitch 

0.133  inch 

Helix  Tape  Thickness 

0.010  inch 

Helix  Tape  Width 

O.OhO  inch 

Helix  O.D. 

0.375  inch 

Helix  I.D. 

0.355  inch 

Beam  0.0. 

0.331  inch 

Beam  I.D. 

0.290  inch 

This  oscillator  operates  at  fairly  low  power  levels.  The  Idxeoretlcal  C 
and  QC  values  for  this  tube  shown  in  Fig.  5*1  vhere  they  aire  given  as 
a  function  of  frequency.  The  impedance  of  the  (-1)  space  hanoonlc  for 
the  tape  helix  ^Mch  is  needed  in  computing  the  C  values  was  obtained 
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fron  the  paper  by  Ash  and  Wa'bklns^^.  She  space -charge  paranster  QC  was 
ccmputed  using  Johnson's  paper^. 

i&iowlng  the  C  and  QC  values  one  can  -then  ob-taln  the  tapers  and  •the 
points  at  which  these  •tapers  should  be  applied  frcm  a  digital  compu'ter 
solution  for  -these  values.  However,  first  -this  would  be  a  c  stly  process 
and  second  It  Is  realized  'that  a  compu'ter  might  not  be  available  'to  eau^ 
person  who  might  be  In'teres'ted  In  employing  such  tapers .  Xhe  computer 
solu'tLons  ob'talned  In  Chapter  IV  for  realistic  backwEu:*d-wave  osclUa'tors 
do  not  cover  a  wide  range  of  operating  parameters  amd  'were  In'tended  -to 
get  a  general  Idea  of  -the  u'tlllty  of  'the  -tapers  derived  under  -the  "hard- 
kemel-bunch"  approximation  when  such  tapers  aire  applied  -to  reaiUstlc 
situations.  It  was  found  there  -that  these  tapers  result  In  higher  effi¬ 
ciencies.  The  design  of  -the  tapered  section  for  -this  oscllla-tor  wais 
based  on  -the  -tapers  derived  from  -the  above  approximation  auid  also  assunlng 
a  realistic  Impedamce  variation  -which  for  -this  tube  corresponds  -to  the 
Impedance  varla-tlon  assumed  In  derl-vlng  -the  tapers  In  Chap-ter  IV.  In 
Section  k.9,  It  should  be  recalled,  -the  Impedamce  -warn  assigned  to  vauiy  as 
-the  square  of  the  phase  velocl-ty  on  -the  helix. 

The  procedure  that  was  followed  In  designing  -tide  tapered  section 
Is  as  follows.  Since  the  C  parameter  vaurles  across  the  bamd,  an  average 
C  value  was  chosen  to  design  -the  -taper.  For  this  tube  the  C  vaJ.iae  chosen 
-was  approximately  0.02  -which  Is  -the  C  vaULue  at  mid -frequency.  Bbxt  -the 
uniform  section  of  the  tube  -was  made  approximately  ^  Inches  long.  The 
choice  of  -the  uniform  length  Is  affected  by  -the  available  length  of 
solenoid  for  focusing  -the  electron  beam,  and  adso  one  has  -to  be  careful 
not  to  start  the  taper  too  socor.  !Ihe  uniform  length  should  be  diosen  so 
that  Its  cn  vadue  Is  about  1.5  to  2.0  times  •the  vadue  of  d  at  start 
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oeclllatlon.  For  this  tute,  the  CN  valve  at  the  above  chosen  C  value  Is 
approximately  equal  to  0.4?  i^ch  Is  approximately  1.?  times  the  value 
of  cm  at  start  oscillation  for  a  uniform  tube.  Since  the  tapers  that 
must  be  used  In  a  backvard-vave  oscillator  are  very  weak,  an  exponential 
veloclly^  variation  Is  approximately  -the  same  as  a  linear  velocll^  varl> 
atlon  thus  a  linear  velocliy  variation  was  chosen  for  the  tapered  section. 
The  velocity  variation  cem  then  be  written  In  the  following  form. 


Vo(y) 

vjo) 


1  - ^/2C  y  sin  9^  , 


(5.1) 


^ere  y  >  2k  CS  and 

n  B  the  nuaber  of  stream  wavelengths . 

Since  the  phase  velocity  on  the  helix  Is  directly  proportional  to  the 
pitch,  the  pitch  variation  Is  now  determined  from  Eq.  ?.l  and  can  be 
written  as  follows, 

^  -  1  -  (2k)(0.2)  cm  .  (5.2) 

®o 

The  rate  of  taper  has  been  established,  but  the  question  arises  as  to  how 
far  must  the  pitch  be  tapered?  An  Idea  about  this  can  be  obtained  by 
referring  to  the  computer  solutions  of  the  previous  chapter.  Prom  there 
It  can  be  concluded  that  a  maximum  pitch  variation  of  15  to  20  percent 
should  be  anployed  and  the  ratio  of  p/p^  thus  should  never  be  less  than 
75  percent.  It  should  be  emphasized  heie  that  It  Is  the  rate  of  pitch 
variation  that  Is  most  Important  and  a  tube  tapered  to  25  percent*  should 
never  have  a  lower  efficiency  than  one  tapered  to  15  percent.  The 


*  An  "x”  percent  taper  means  that  the  phase  velocity  of  the  tube  Is 
decrecwed  by  "x”  percent  of  Its  value  in  the  unlfom  section. 


disadvantage  la,  of  course,  -Qiat  In  order  to  obtain  the  hle^r  taper  the 
tube  would  have  to  be  made  longer. 

For  the  tube  Investigated  here,  a  20  percent  linear  taper  was 
Incorporated  in  the  helix.  For  a  20  percent  linear  taper,  the  total  CS 
for  the  taper  length  ceui  be  easily  obtained  froa  Eq.  ^.2  and  Is  approx¬ 
imately  equal  to  0.2.  This  corresponds  to  a  pbyslceJ.  length  of  approxi¬ 
mately  2  Inches  In  the  S-band  oscillator  Investigated  here. 

5.2  Experimental  Procedure  and  Results 

Based  vqpon  the  above  considerations  an  experimental  backward -wave 
oscillator  was  assembled  and  tested  under  different  configurations. 

Figure  5.2  shows  the  pertinent  dimensions  of  the  tube  and  the  different 
configurations  uzider  lAilch  it  was  tested.  ^Rie  tube  consists  of  a  uniform 
length  of  helix  5«?  Inches  long,  a  tapered  section  2.0  Inches  long  emd 
another  1.5  Inch  of  uniform  section.  The  first  half  inch  euid  the  last 
1. 5  Inch  were  covered  with  a  lossy  material,  namely  dag  dispersion  Ho. 
226,  idilch  was  placed  on  the  Inside  and  outside  of  the  vacuum  envelope. 

The  lossy  material  was  tapered  on  both  sides  to  minimize  reflections . 

The  different  configurations  were  tested  In  the  same  order  as  their 
designated  numbers .  Tube  number  5,  where  the  lossy  materlsd.  Is  placed  on 
the  outside  of  the  glass  envelope  over  the  whole  length  of  the  tapered 
section  Is  refereed  to  as  the  uniform  tube. 

Since  we  are  mainly  concerned  In  comparing  the  characteristics  of 
the  different  configurations,  the  tests  were  performed  In  each  case  at 
the  same  frequencies.  This  assures  the  same  coupler  VSWR  and  ohmic  losses 
In  the  helix  and  associated  components  used  in  measuring  the  output  power . 
Tbe  results  are  presented  In  Figs.  5*5  throu£^  5*11  where  efficiency 
versus  collector  current  plots  are  shown  for  different  operating 
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no.  3.4  EinCIBICT  vs.  COUECTOR  CURREHT  for  ESFERIMEHTAL  BHO.  (f  •  2.2  Oc, 

VmtT.TT  *  voins)  (TOHB  HOMBERS  REnR  TO  THOSE  SPECIFIED  IE  nO.  3.2) 
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no.  3.3  smciEacx  vs.  collbct(»  cuHRara  itc»  exferiiiertal  bho.  (f  «  2.3  oc 
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Fia.  ^.6  EmcnaicY  vs.  coliectqr  curreut  for  EXPERiMarEAL  bhd.  (f  «  2.6  oc, 

^HEUX  “  voia?s)  (tube  numbers  refer  to  those  specified  ni  FIO.  5.2) 
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lOOUJECTOR  .  •*« 


no.  ?.8  EinciEiicr  vs.  cousctor  currerf  ixm  EXPiRiMEafiAL  suo. 

(f  -  3.0  Oc,  v^„  •  900  vours)  (TUBE  HONBERS  REFER 
TO  THOSE  ayHOlFIED  Of  FIG.  3*2) 
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flO.  $.9  EFFICIERCr  VS.  COUKTOR  CURRERF  lOR  EXHERZiaarEAL  BHO. 

(f  m  3.2  Qe,  -  UOO  VOUES)  (TUBS  BUNBBRS  RETBS 

TO  TBOSE  SFBCI7IBD  IB  HO.  $.2) 
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^COLLECTOR’**® 


Fia.  9.10  EFFICIERnr  vs.  COLiaCTOR  CURRBrr  lOR  MFERIKEIITAL  ENO. 

(f  -  9.4  Qc,  -  1990  voias)  (TOSB  RmSERS  REHR 

TO  TBOBE  SFSCIfIKD  IH  flQ.  %2) 
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fio.  ^.u  sniciEKnr  vs.  couscior  currebt  for  EXFHSujffianAL  br>. 

(f  -  3.7^  Oc,  VOIffS)  (TUBE  HONBSRS  REIER 

TO  THOSE  SFBCmED  IH  ITO.  ^.2} 
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freguencles.  Efficiency  versus  frequency  curves  at  the  siaximun  collector 
c\irrent  are  shown  In  Fig .  ?  .12  and  the  start-oscillation  currents  versus 
frequency  for  the  different  configurations  are  shown  In  Fig.  ?.13. 


Qie  start-osclUatlon  ciirrent  for  different  configurations  is 
shown  In  Fig.  ^.13.  It  can  he  seen  from  these  plots  that  the  start- 
osclUatlon  current  In  the  tapered  tubes  Is  lower  than  that  of  the 
uniform  one.  However,  the  decrease  In  the  start-oscillation  cunrent  Is 


less  than  \diat  It  should  have  been  had  the  tube  been  made  uniform  o^r 


the  whole  length.  An  Increase  In  the  length  of  a  '^form  tube  from 
to  L  should  result  In  a  decrease  In  the  start-osclUatlon  current  from 

X 

Iq  to  irtiere 


It  can  then  be  concluded  that  for  this  tube  the  start-osclUatlon  current 
of  the  tapered  tube  la  hljdier  than  that  of  a  uniform  one  of  the  same 
length.  !Ilhls  Is  In  agreement  with  the  theory  of  Chapter  II  where  It  was 
predicted  that  for  small  values  of  C  the  start-osclUatlon  cxirrent  does 
Increase,  evcxi  when  the  Interaction  Impedance  Is  eusstmed  constant.  In 
this  tube  the  C  vedtie  at  stcurt  oscillation  Is  very  small  and  of  course 
the  Interaction  Impedance  of  the  tapered  section  Is  less  than  that  of  a 
uniform  one  thus  resulting  In  a  higher  start-osclUatlon  curxmnt.^ 

It  can  be  seen,  however,  from  Figs.  3*3  throu^  3.12  that  the 
efficiency  Is  considerably  enhanced  by  the  taper.  It  Is  weU  known  from 
theoretical^^  and  experimental^  results  that  tdxen  a  BHO  Is  operating  at 
a  current  greater  than  approximately  twice  the  start-osclUatlon  c\xrrent. 


9  aa)  (TUBE  HUMBESIS  REFER  TO  THOSE  SPHCIFIKD  IH  FIG.  ^.2) 
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Increasing  the  length  of  the  tube  vlU  have  no  effect  on  the  efficiency. 
For  most  of  the  cues  compared  here,  the  operating  current  vas  greater 
than  twice  the  start-osclllatlon  current  and  the  efficiency  vas  enhanced 
by  the  addition  of  a  tapered  section,  llie  efficiency  Improvement  factor 
varies  from  1.2  to  2.0  over  the  frequency  ramge  2.0  to  3.75  Gc. 

It  vas  also  found  that  ^en  the  taper  vets  extended  beyond  a  cer> 
tain  veuLue  the  efficiency  vas  vineiffected .  Specifically,  tubes  nia&bers  2 
6U]d  1  with  13  and  20  percent  tapers  respectively  gave  essentially  the 
same  efficiency  as  tube  number  3  ^dilch  hu  a  10  percent  taper. 

Ihe  fact  that  the  start-osclllatlon  current  Is  higher  In  the 
tapered  tube  than  that  In  a  uniform  one  of  the  same  length  but  that  the 
efficiency  Is  enhanced  by  tapering  can  be  Justified  'by  a  simple  physlccd 
explanation  of  -the  device  operation.  At  start  oscillation  very  little 
kinetic  energy  of  electrons  has  been  conver-ted  Into  r-f  power.  The 
electron  velocity  Is  then  essentially  constant  along  -the  length  of  'the 
tube  and  negligible  bunching  'halves  place.  A  taper  In  'the  circuit  phase 
velocity  idilch  Is  In-tended  to  phase  focus  a  bunch  of  electrons  In  a 
favorable  decelerating  phase  will  not  serve  Its  purpose  In  -this  case 
because  -there  utually  Is  no  biinch  -to  focus.  Since  C  In  this  tube  Is 
very  small,  -the  Increase  In  -the  s-tart-osclllation  current  Is  In  agreement 
^-th  the  -theoretical  predlc-tions .  However,  vhen  the  de-vlce  Is  operating 
at  currents  well  above  -the  s-tart-osclUatlon  current  strong  r-f  fields 
are  present  on  -the  helix  idiich  modula-te  -the  elec-tron  velocity  ai]d  -thus 
give  rise  to  a  bunch  at  seme  point  along  -the  tube.  In-troducing  a  vel¬ 
ocity  taper  at  -this  point  to  keep  this  bunch  In  a  decelerating  phase  will 
then  enable  -the  r-f  fields  to  extract  more  energy  froa  -the  electrcms  and 
thus  enhance  -the  efficiency. 
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It  can  then  he  concluded  that  the  circuit  phase  velocll^  tapers 
derived  under  a  hard -kernel-hunch  approximation  serve  veil  In  the  design 
of  more  efficient  backward -wave  devices.  Ihelr  usefulness  has  been 
experimentally  verified  here,  and  the  taper  that  was  employed  here  should 
not  he  considered  as  optlmtn. 


CHAFTER  VI.  FREBUHCHEID  ISAM  BACKMARD>WAVE  OSCILLATOR 


6.1  Introduction 

All  previous  analyses  of  bEuikward-vave  oscillators  have  ebssuned 
that  the  hesm  enters  the  slow-vave  structure  with  negUglhle  r-f  modu¬ 
lation.  It  was  shown  in  the  nonllimar  analysis  In  Chapter  IV  that  a 
tightly  bunched  beam  Introduced  Into  a  backward -wave  slow-wave  structure 
results  In  veiy  hlg^  efficiencies  ^en  the  structure  phase  velocl'ty  Is 
tapered  to  keep  the  wave  and  the  bunch  In  synchronism.  It  was  also 
mentioned  there  that  to  obtain  a  tight  bunch,  a  narrow-band  circuit  would 
presvnably  have  to  be  employed  and  thus  limit  the  tuning  range  of  a  BHO, 

It  Is  believed  that  a  scheme  similar  to  that  of  a  two  cavity 
klystron,  where  the  output  cavity  Is  replaced  by  a  backwau:d-wave  struc¬ 
ture  would  combine  the  desirable  high  efficiency  of  a  klystron  and  the 
voltage  tunablUty  of  a  BtfO.  The  backward -wave  structure  can  be  made  to 
operate  In  a  fundamental  backward-wave  mode  \diere  a  high  Interaction 
Impedance  can  be  achieved.  This  would  require  a  hl^er  voltage,  however, 
than  one  operating  on  a  backward  spetce  harmonic .  The  r-f  structure  can 
also  be  tapered  to  achieve  better  efficiencies .  A  diagram  of  this 
scheme  Is  shown  In  Fig.  6.1.  . 

In  this  chapter  the  start -oscillation  conditions  for  a  prebunched 
beam  bewkward-wave  oscillator  eure  Investigated.  Both  the  effect  of 
velocity  and  current  modulation  are  discussed.  The  effect  of  the  drift 
angle  between  the  modulating  electrode  and  the  entrance  plane  of  the 
slow-wave  structure  were  examined  and  an  optlmvBi  drift  angle  was  found. 

The  method  employed  In  this  analysis  and  the  results  obtained 
from  It  are  presented  In  the  following  sections. 
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6.2  Backwart-Wave  Oaelllator  EquatlonB 

A  general  set  of  equations  descrlMng  the  hehavior  of  a  ‘backward- 
wave  oscillator  were  derived  In  Chapter  III  and  are  given  by  Eqs .  3  .k2 
through  3.^.  For  a  uniform,  lossless  oscillator  these  equations  reduce 


to, 


-f  C^l)  p^^(y)  ,  (6.1) 


dy 


+ 


dy 


0  , 


(6.2) 


1 

2 


dy 


+  J 


kC^  QC 


[1  -  2C^*/^]®  (1  +  Cgb)  in 


p,«(y) 


u  (y) 
o 


dy  * 


(6.3) 


where  all  the  quantities  appearing  In  these  eqiiatlons  have  'been  defined 
edready.  !I!hese  equations  have  'been  progrannned  on  an  analog  ccxaputer  eu3d 
the  procedure  for  obtaining  an  oscillation  condition  Is  the  same  as  that 
employed  In  Chapter  III  and  Is  discussed  In  detail  there  and  In  i^ppendlx 

B. 

The  cause  of  a  premodxilated  ‘beam  can  'be  easily  accommodated  on  the 
analog  computer.  !IMs  Is  accomplished  by  merely  specifying  the  r-f 
modulation  on  the  beam  at  the  Input  to  the  slow-wave  structure.  It  should 
be  recalled  that  for  an  unmodulated  beam,  Pj^q(o)  ■  ^ 

premodulated  beam  Pj^q(O)  and  u^q(O)  vill  have  some  finite  value  depending 
on  the  depth-  of  modulation. 
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The  values  of  Pj^q(O)  ^  detemined  as  a  function  of 
the  modulating  voltage  through  a  space -charge  and  gap  modulation  analysis. 
This  analysis  is  presented  in  the  following  sections. 


6.3  Space -Charge  Wave  and  Gap  Modulation  Equations 

Space -charge  wave  propagation  on  an  electron  heam  has  heen 
treated  in  detcULl  ty  seversd  authors and  will  not  he  repeated  here. 
It  is  found  that  two  space -charge  waves  that  are  of  Interest  exist  on 
the  electron  heam.  One  wave  travels  with  a  phase  velocity  slightly 
faster  than  the  electrons  and  the  other  subtly  slower.  These^  are 
referred  to  as  the  fast  and  slow  space -charge  waves  respectively.  Their 
phase  velocities  can  he  expressed  as*. 


emd 


ps 


(6.5) 


where  the  quantities  appearing  in  the  above  equations  have  heen  defined 
already.  For  a  heam  in  a  drift  tube,  ODp  is  replsused  by  a  reduced  plasma 
radian  frequency  A  premod\ilated  beam  interacting  with  a  forward- 
wave  structure  was  Investigsted  ty  Rowe  and  Meeker*^. 

The  total  veloclly,  line  charge  density  and  current  of  the  beam 
can  be  eiqpressed  as  follows: 


u 


J(®t  -  Bz) 

u^  +  Ui  e 


(6.6) 


*  Subscript  "s”  refers  to  slow  wave  and  "f”  to  fast  one 
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vhere 


z  JP  z 

"x  “  "is  ®  +  "if  «  ^ 


(6.7) 


p  «  p  -h  p  e 


J(a>t  -  3gZ) 


(6.8) 


vhere 


-JV  •’V 

O  *0  ©  j 

*^1  ^18  ^if  * 


(6.9) 


j(0Dt  -  P^Z) 

i  -  Pt  Ut  “  -  ^1  * 


(6.10) 


-JP  z  jp  z 

*ie' 


(6.U) 


Eqiiations  6.7,  6.9  and  6.11  can  te  written  in  a  different  form  as  follows: 

\  -  (Uj^g  +  cos  p^z  +  J(u^j  -  u^g)  sin  p^z  ,  (6.12) 

Pi  “  ^Pis  Pis^  V  V 

and 

-  (l^g  +  i^f)  cos  p^z  +  J(l^f  -  i^g)  sin  p^z  .  (6.1U) 


6.4  Velocity  Modulation  of  the  Beam 

It  is  assuoied  here  that  a  small -amplitude  voltes  applied  across 
a  pair  of  short  transit-angle  gsrlds  is  employed  to  velocity  modulate 
the  team.  If  the  electrodes'  position  is  taken  as  z  ■  0,  then  at  this 
position  u  heccmes, 


u  « 


(6.15) 


If  the  modulating  voltage  Is  taken  as  auad  It  Is  'assuued  that 

^g  Vo.  'vdiere  Vg  Is  the  d«c  heam  potential^  then  u^(0)  can  he  e:q>ressed 

“l(°>  ■  ^  “o  • 

0 


as 


For  this  case  the  following  conditions  must  be  satisfied^ 


^is  *  ' 


(6.17) 


(6.18) 


From  these  conditions,  it  can  he  readily  seen  from  Eq.  6.12  that 


\s  “ 


\(0)  V 

~2~  “  W"  '^0  • 
o 


From  Eq.  6.12  we  finally  obtain, 

u 


in  u 


From  Eq.  6.14  ve  get. 


■  i; 


2V  V  * 

o  ^ 


J2  ~  sin  Bz 
0  ^ 


Ihe  continuity  equation  is  expressed  as. 


(6.19) 


(6.20) 


(6.21) 


V  •  i  + 


0  . 


(6.22) 


For  this  one -dimensional  problem,  Eq.  6.22  reduces  to, 
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Fran  Sq.  6.23  It  can  be  easily  shown  that. 


^8,f  ^xs,f 


where 


and 


Now  using  the  relation 

1  *  p  u 

and  assuming  small -signal  conditions  results  In, 

I. 


(6.24) 

(6.25) 

■V  • 

(6.26) 

and 


-  p  u 
^o  0 


^lS,f  ~  ^0  '^ISjf  ^  %  ^is,f 


Substituting  Eq,.  6.29  In  ve  get, 

op 


IS 


/  V 

,f  -  V  “  -  Ps,f  %  ^ 


(6.27) 

(6.28) 

(6.29) 


(6.30) 


Substituting  for  P  .  its  vadues  from  Eq.  6.25  -nd  Bq.-  6.26  and  employlxig 
8,r 

Eq.  6.28  and  Eq.  6.19  ve  finally  obtain. 


^  ■ 


(6.31) 


Substituting  Eq.  6.31  In  Eq.  6.21  yields, 

1  ■  ^  ■  ”  J  ®tn  P  z  . 

O  ^  fl  ^  o 


(6.32) 
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Prom  Bq.  6.29  P,„  ♦ 


cao  be  esipressed  as, 


J  • 


(6.33) 


Substituting  Eq.  6.33  In  6.9  and  employing  Eq.  6.31  and  Eq.  6.19 
restilts  In, 

Pin  “  ^  V  V  * 

The  values  of  u.  euid  p  at  the  entrance  to  the  slow-vave 
in  in 

structure,  vfalch  sure  needed  to  solve  Eqs.  6.4  through  6.6,  can  now  be 

computed  from  Eqs.  6,20  and  6.34  for  specified  values  of  Vg/V^,  (oj/cOq) 

EUid  S  z. 

<1 

The  factor  (d/(d^  can  be  ceLLculated  by  eussunlng  that  It  Is  the 
same  In  the  drift  region  as  In  the  Interaction  region.  The  space-charge 
peu:-aneter  QC  Is  related  to  od^/cd  as  follows; 

(cit)  • 

\  O  ^ 


Thus  for  a  specified  value  of  QC  and  C^,  cd/cd^  can  be  easily  calculated. 

S^z  Is  determined  idien  the  drift  region  length  Is  specified.  This 
can  assixne  any  value.  It  Is  desirable,  however,  to  have  the  drift  region 
length  as  short  as  possible .  ^^z  Is  the  radian  plasma  drift  length  from 
the  modulating  structure  to  the  Input  plEuae  of  the  r-f  structure. 

The  start-osclllatlon  conditions  were  Investigated  for  several 
values  of  3^z.  It  was  found  that  a  minimum  stsurt-osclUatlon  length  Is 
obtained  idwn  p^z  »  n/k. 

The  steurb-osciUatlon  conditions  are  presented  in  Figs,  6.2  and 
6.3.  In  Fig.  6.2,  plotted  as  a  function  of  Vg/BlTg,  tdiere  bj^ 


A2/ 


Cl 

VO 


*  ^  VELOCOT  lEEMODDIATEa)  BHO.  (p  *  m%fK 


NO/ '  NO 
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FZO.  6.3  TEE  RATIO  OP  THE  HOIBfAIIZED  START-OSCIUATIOir  UOniH 
OF  A  VEIOCZn  FfOaiGOULATED  BHO  TO  THAT  OP  A  RBOULAR 
OBE  VS.  Vg/2V^.  O^*  -  n/k,  C  m  0,05) 
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Is  the  synchronism  parameter  for  the  prehuxwhed  oscillator  and  pertains 
to  a  regular  one .  The  parameter  h  has  already  been  defined  In  Cdiapter 
III  and  Is  also  defined  In  the  list  of  symbols  at  the  end  of  this  report. 

In  Fig.  6.3  the  normEdlzed  start>osclllatlon  length  of  a  premod¬ 
ulated  BWO  Is  compared  to  that  of  a  regular  one  (CNg^o)  as  a 

function  of  V’g/2V'g.  As  explained  In  detail  In  Chapter  III,  the  ratio  of 
the  act\ial  physical  length  In  the  premodulated  oscillator  to  that  In  a 
regular  one  can  be  expressed  as. 


( 


i^cb^  ycNg., 

l  +  CboAcH.^o 


(6.36) 


From  the  above  resvilts  we  can  conclude  that  the  start-osclllatlon 
length  In  a  velocity  premodulated  BWO  can  be  much  lower  them  -that  of  a 
regul6ur  one  and  the  larger  the  modulation  parameter  Vg/27g  the  greater 
the  decrease  In  the  start-osclllatlon  length.  For  a  premodulated  and  a 
regular  EtfO  having  the  same  slow-wave  structure  and  oscillation  frequency, 
the  beam  voltage  In  the  premodulated  one  will  be  subtly  higher.  The 
ratio  of  the  voltage  In  the  premodulated  one  to  that  In  the  regular  one 
can  be  expressed  as 


V 

1 


( 


1  +  Cb^  Y 

TT^J  • 


(6.57) 


6.5  Current  Modulation  of  the  Beam 

For  the  cue  of  current  modulation  of  the  stream  where  the  current 
modulation  at  z  ■  0  Is  given  by  V  e^^,  the  following  conditions  must 

o 

be  satisfied, 

“  0  (6.38) 

and 
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1 


X6 


(6.39) 


Following  the  aaae  procedwe  employed  In  the  velocl'^  modulation 
case,  the  normalized  current,  velocity  and  space-cheurge  density  can  he 
easily  e3q)ressed  as, 

cos  0  *  »  (6.4o) 

0  0^ 


"in  = 

p^n  =  cos  +  J  sin  3^z  .  (6.42) 

It  cam  he  seen  from  the  above  equations  that  velocity  modulation 
hecomes  ciarrent  modulation  after  90  degarees  of  drift.  Ihe  start- 
osclllatlon  conditions  were  then  Investigated  for  this  case  for  a  drift 
length  3^z  ■  3*/h.  Ihe  results  are  given  In  Figs.  6.4  and  6.3. 

Compamlng  these  results  to  the  velocity  modulation  case,  It  Is 
seen  that  they  are  slmllem.  The  stairt-osclllation  lengtn  decreaises  with 
current  modulation  amd  the  greater  the  modulation  the  greater  the  decrease. 
In  this  case  adso  the  hesm  potentlaLl  of  a  prouodulated  oscillator  will  he 
subtly  greater  than  that  of  a  regulaur  one  if  both  have  the  seme  slow- 
wave  structure  and  operate  at  the  sane  freqiency. 
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■  the  synctaronln  paraaeter  for  the  prwwdulated  BtTO. 
b^  -  the  ayochronlsa  paraaeter  for  the  regular  one. 

710.  6.4  b^/b^  VS.  TOR  A  CURRBIT  FIOMOOOIAXED  BWD. 

0^8  .  3*A»  C  -  0.05) 
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fig.  6.?  IBE  BA!nO  OF  THE  HOBNAUZED  SIARr-OSCIIIAn(»  lEHGTH 
OF  A  CURREBT  HOMODUUTED  BHO  TO  THAT  OF  A  REOJLAR  (ME 
VS.  «fcVg/2I^.  -  JkA,  C  -  0.05) 


CHAPTER  VII.  EFFICIENCY  ENHANCEMENT  OF  BACXtfARD^fAVE 
OSCILLATORS  BY  COLLECTOR  DEPRESSION 

7.1  Introduction 

It  Is  well  known  that  the  overall  efficiency’  of  heam-type  devices 
such  as  tra’vellng-wave  angpUfiera,  klystrons,  backward>wave  oscillators 
and  others,  can  he  inpBroved  hy  employing  so  called  "depressed  collec¬ 
tors"*®’*'*'*®.  This  Is  achieved  by  operating  the  collector  at  a  lower 
potential  than  the  r-f  structure  thus  conserving  much  of  the  power 
usually  dissipated  In  It.  Tte  collector  can  be  segmented  into  se'veral 
sections  and  each  section  can  be  operated  at  an  optimum  potential. 

In  order  to  detennlne  the  optimum  potentials  for  a  specified  set 
of  segments,  Infomatlon  about  the  energy  state  of  the  spent  beam  In  a 
certsdn  device  is  essential.  The  nonlinear  calculations  of  Chapter  IV 
were  primarily  concerned  with  the  r-f  Interaction  process,  but  they  do 
give,  however.  Information  about  the  energy  state  of  the  spent  'beam  in 
a  backward-wave  oscillator.  This  Information  can  be  used  to  determine 
the  effect  of  collector  depression  on  the  overall  efficiency  of  the  device. 

It  Is  worthy  to  note  here  that  even  'though  a  depressed  collector 
can  improve  the  overall  efficiency  of  the  device.  It  will  not  resvilt  In 
higher  r-f  power  outputs.  The  improvement  factor  in  efficiency  due  to 
collector  depression  will  depend  on  the  velocity  sinwad  of  the  spent 
beam,  the  greater  the  velocity  spread  the  less  the  improvement  factor 
will  be  for  a  fixed  number  of  collector  segMnte. 

The  velocity  spread  Is  generally  greater  In  high  intexmction 
efficiency  devices  than  that  In  low  Interaction  efficiency  (sies.  Since 
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tbe  interalctloQ  efficiency  of  a  backward-'vave  oscillator  la  very  low, 
it  Is  a  good  candidate  for  collector  depression. 

In  this  chapter  the  effect  of  collector  depression  on  the  effi¬ 
ciency  of  a  hackvard-wave  oscillator  is  Investigated. 

7.2  theoretical  Develoiiinent 

The  evaliiatloi  of  the  effect  of  depressed  collectors  on  the 
efficiency  of  a  backward-wave  oscillator  is  based  on  tbe  theory 
developed  by  Rowe**.  A  brief  presentation  of  the  theoretical  develop¬ 
ment  is  presented  here. 

The  nonlinear  calciilaticsis  of  beam-wave  interaction  in  backward- 
wave  oscillators  were  made  for  representative  electron  charge  groups 
passing  through  the  interaction  region,  where  they  are  acted  upon  by 
both  r-f  circuit  and  space -charge  fields.  The  total  number  of  these 
charge  groups  constitutes  the  entering  d-c  beam  charge.  The  velocity 
was  defined  in  terns  of  the  nomallzed  Lagranglan  variables  as  follows: 


1  -f 


2  Cu{y,<p^^j) 


(7.1) 


irtiere 

■  the  total  velocity  of  the  Jth  charge  group, 
u(y>f^  .)  *  the  nomallsed  r-f  velocity  of  tbe  Jtb  group. 

From  ttw  principle  of  conservation  of  energy,  the  following  relation  can 
be  written 


(7.2) 


-2U- 


yilMre  is  the  equivalent  r-f  potential  for  the  Jth  group  and  is 
positive  for  kinetic  energy  given  up  (deceleration)  by  the  group  sad 
negative  when  energy  is  absorbed  by  the  chctrge  group  ( acceleration) .  q 
is  the  cheurge  of  each  of  the  groups. 

For  a  group  with  average  velocity  u^,  Eq.  7.2  reduces  to^ 

BU® 

“2^  -  qV^  =  0  (7.3) 

which  is  simply  the  equivalence  of  the  group's  kinetic  and  potential 
energies . 

Combining  Bqs.  7.1,  7.2  and  7.3  results  in, 

(^7  “  +  2  Cu(y,<p^^j]®  =  1-^  .  (7.J^) 

It  is  thus  clear  that  a  knowledge  of  [1  +  2  Cu^]  at  the  collector 
end  of  the  device  is  essential  for  computing  the  plate -circuit  efficiency 
for  a  multi -segment  collector  system.  It  will  be  assumed  in  this  ansilysls 
that  "m"  electron  charge  groups  are  injected  into  the  Interaction  region 
and  that  the  beam  transmissicm  is  100  percent. 

It  is  now  convenient  to  define  the  following  energies  in  Joules 
associated  with  the  device, 

=  d-c  beam  input  energy, 

«  r-f  input  energy  to  the  circuit,  idiich  is  zero  for  a 
backward-wave  oscillator, 

■  r-f  energy  dissipated  on  the  circuit, 
g  >  d-c  energy  given  to  the  coUsctor, 
g^  «  r-f  output  energy. 
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Alao  characteristic  efficiencies  for  the  device  can  he  defined  aa 
follovs: 

T)^  B  electronic  cmiverslcm  efficiency, 

=  overall  efficiency. 

Assuming  that  "m”  charge  groups  are  Injected  Into  the  Interaction 
region,  the  electronic  efficiency  can  then  be  written  as. 


’»e 


■'d-c 


(7.5) 


and  the  overall  efficiency  eis. 


V«1 


^d-c 


(7.6) 


It  Is  obvious  froo  Eqs.  7.5  end  7.6  that  for  a  lossless  structure,  the 
electronic  and  overall  efficiencies  are  equal. 

Ihe  r-f  energy  given  up  by  the  beam  Is  related  to  the  electron 
group's  r-f  potentials  as  follows: 


«i 


m 

I 

d=l 


q  V 


(7.7) 


For  a  lossless  backirard^wave  oscillator  (S^  «  =  0). 

In  the  case  of  a  ccmventlcnial  BWO  with  the  collector  operated  at 
the  r-f  structure  potential  the  aboiw  defined  energies  and  efficiencies 
are. 


®d-c  “  “  ^  ^o  ' 
m 

«c  ■  I 

J-1 


(7.8a) 


(7.8b) 
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and 


q  m  V, 


(7.8c) 


(7.8d) 


The  electronic  efficiency  given  by  Eq.  7.8c  may  also  be  written  as. 


m 

J-1 


(7.9) 


Ihe  efficiency  expressions  for  multi  •segment  collector  backward- 
wave  oscillators  may  be  developed  systematically  from  tbe  above  relations. 
It  Is  assvuaed  here  that  specific  electron  groups  of  the  spent  beam  are 
collected  at  given  potentials  with  me  segment  of  the  collector  at  the 
structure  potential.  Suppose  then  that  the  collector  is  seffnented  as 
shown  In  Fig.  7.1  idiere  the  d-c  potentials  are  related  as, 

>  V _ >  V^„...  >  V^_,  l.e.,  r-i-1  seffnents  are  present.  The  total 

energy  given  up  to  the  collector  segiients  can  then  be  expressed  as. 


c,r-f  1 


I 

1«1 


q(v, 


c,r 


V 


J-1 


l(V 


,r.x-  V 


3 

I 

kd 


9(V„ 


-  V  ) 
,r-a  ’qk^ 


®r+l 

+  .  .  .  +  ^  q(Vj,  -  V^jj)  (7.10) 

1-1 


where 


Pi  +  Po  +  Pa 


+  P  » 

^r-1 


•  •  • 
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ThB  above  equatioa  can  be  aliqplified  and  expresaed  in  terma  of  the  eharve 
group's  velocitlea  aa  follows: 


^c,r+i 


q4pV  +pV  +pV  +p 

[  *^1  c,r  ^2  c,r-i  *^3  c,r-2  r 


V 

r+x  o 


m 

^  1  -  t(l  +  2  Cu(y,q>^j)]2  \  .  (7.11) 

J-1  ^ 


Thus, 

d-c^r+1  0  d  c^r+i 


«  a[p  V  +pV  +pV  -fs«s+p  vis 
c,r  ^2  c,r-i  c,r-2  ^  ^  A'r+x 

(7.12) 

Hie  electronic  efficiency  for  the  (r+1)  segment  collector  Is  then 


•e,r+i 


gd-c,r+i 


and  the  overall  efficiency  Is 


(7.13) 


’'o^r+i 


“d-c,r+i 


(7.1*^) 


It  Is  convenient  to  coaqpasre  the  efficiencies  for  the  device  with 
r-fl  collector  segments  to  the  efficiencies  vlth  a  single  collector  at  the 
r-f  circuit  potential.  This  can  be  expressed  as. 


-216‘* 


_  Vr+1 


^d-c,r+i 


P-/ Y 


.  (7.15) 


nie  electzx>nlc  efficiency  for  the  (r-fl)  segnent  collector  device  may  be 
written  In  tezns  of  the  electron  group's  velocities  as. 


(1  -  [1  +  2  Cu(y,(p^^)  ]2) 


‘e,r+i 


(7.16) 


The  overall  efficiency  can  be  expressed  as, 


3C 

(1+C„b) 


*o,r+i 


(7.17) 


where  >  the  noznallzed  r-f  an^Utude  at  the  output  of  the  SWO.  For 
Bwall  values  of  which  Is  the  case  In  most  EWO's, 


1  -  C  SS 

^  ‘^o  dy 

1  +C  b 
o 


(7.18) 


Equations  7.I8  and  7.17  nuty  oov  be  used  to  calculate  the  electronic  and 
overedl  efficiencies  of  a  multi -segnent  depressed  collector  BHO.  The 
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infoniatlon  needed  in  these  equations  has  been  obtained  from  the  eon- 
putations  perfozned  in  Chapter  IV. 

7.3  Besults  of  Calculations 

The  above  theory  has  been  employed  to  deteimlne  the  efficiency 
improvement  factors  for  several  operating  conditions  in  a  backirard-wave 
oscillator.  The  results  are  shown  in  Figs.  7<2  through  7«6.  Figures 
7.2  throujdi  7 *3  give  the  efficiency  improvement  factors  for  different 
numbers  of  collector  stages  and  the  degree  of  collector  depression  in 
each  stage.  It  can  be  seen  from  these  figures  that  for  a  specified 
number  of  stages,  an  optimum  improvement  factor  is  obtaizwd  for  a  certsdn 
combination  of  potentials  on  the  different  collector  segments. 

Figure  7*3  shows  the  optimum  efficiencies  obtainable  by  collector 
depression  for  different  numbers  of  collector  segments  and  for  different 
operating  conditions.  It  can  be  seen  from  this  figure  that  the  efficiency 
Improvement  factor  is  lower  for  tubes  that  were  more  efficient  before 
collector  depression.  This  is  to  be  expected  of  course,  since  the  more 
efficient  a  tube  is  before  collector  depression,  the  greater  the  velocity 
spread,  and  thus  the  lower  the  improvement  factor  beccmes.  The  large 
Improvement  factors  due  to  collector  depression  are  mainly  due  to  the 
very  low  Interaction  efficiencies  of  these  devices. 

A  comparison  of  the  efficiencies  of  uniform  and  tapered  backward- 
wave  oscillators  can  be  obtained  by  reference  to  Fig.  7*6.  In  this  com¬ 
parison  it  is  assumed  that  the  uniform  and  tapered  tubes  both  operate 
at  the  same  voltage,  current  and  frequency,  nils,  as  shown  in  detad.1  in 
Chapter  IV,  results  in  a  sli^tly  longer  tube  in  the  tapered  case.  Uhen 
tube  No.  1  in  Fig.  7.6  is  tapered,  the  efficiency  curve  corresp(siding 
to  tube  No.  2  will  be  obtained.  For  this  tube  the  taper  starts  at 


0  0.2  0.4 


>4  /V, 

FIO.  7.2  EI7ICIE1ICY  JMPBUmmS  FACTOR  AND  OFTIMUH  C0LI£C1!(ffi 
SBQKENT  VOimSS  TOR  A  DEFRESSED-COLIKITQR  UNIFORM 
BACnMND'WAVE  08CZLLAI0R.  (C  -  0.0^,  Qp  •  0,  > 

d  -  0,  I/Ig  •  1.15,  2CA®  -  0.025) 
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0  0.2  0.4 


Vc/Vo 

FIG.  7.3  EmciBicY  mPBomnsm  factor  and  oprntm  couector 

SEONENT  VOIOAOES  FOR  A  DEFRESSED-COUECI!E(»  QNIFQEOf 
BACHMRD-WAVE  OSCZIJAT(».  (C  -  0.0?,  QC  -  0, 
b  -  1.825,  d  -  0,  I/I  «  1.5,  aCA*  -  0.072) 

O  O 
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FIO.  7.4  EFFICIENCY  IMPBOVEMENT  FACTOR  AND  OFriNUN  COI1£CTOR 

SEGBIEHT  VODCAOBS  FOR  A  DEFRESSED-COUECTQR  UNIFCNM 

BACKKARD-WAVE  (^ILIAIOR.  (C  -  0.1,  qC  -  0, 

b  .  1.925,  d  -  0,  I/I-  S  1.2,  2CA*  .  0.096) 

^  o  ® 


t 
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No.  1  corresponds  to  operating  points  of  Fig.  7<2. 

Ho.  2  corresponds  to  operating  points  of  Fig.  7.3. 

No.  3  corresponds  to  operating  points  of  Fig.  7.4. 

No.  4  corresponds  to  operating  points  of  Fig.  7.3. 

FIO.  7*6  QFTDini  EFfICIEIiCrr  VS.  NUMBER  OF  COIUBCTOR  SIACQHS 
IN  A  mUFOUi  O-TZFB  BACXHARD-KAVI  OSCIXJATOR. 
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apoproKlnately  70  percent  of  tbe  length  of  the  tube,  and  the  overall  length 
of  the  tapered  tube  la  approxlnately  1.2  tlaea  that  of  the  unlfoxn  om. 
When  tube  No.  3  Is  tapered  the  efflclenclea  ahown  for  tube  No.  4  reault. 
For  this  tube  the  ti^r  starts  at  approxlnately  JO  percent  of  the  tube 
length,  and  the  overall  length  of  the  tapered  tube  la  approximately  1.07 
times  that  of  the  unlfozn  oae.  It  can  be  seen  here  also  that  the 
efficiency  Improvement  factor  Is  smaller  for  a  tapered  tube  than  that 
of  a  imlfoxm  one.  llils  Is  due  to  the  higher  Interaction  efficiency  in 
tbe  tapered  tube. 

Concluding  we  can  then  say  that  depressed  collectors  can  be 
effectively  employed  In  backward -wave  oscillators  to  enhance  their  effi¬ 
ciency.  Tbe  improvement  factor  depends  on  how  efficient  a  certain  tube 
is  before  collector  depression  and  tbe  more  efficient  a  tube  before 
depression  the  lower  the  Improvement  factor. 


CHAPTER  VIII.  SUMIARY,  CONCIUSIONS  AND  SUCGESTIONS 
FOR  FURTHER  WORK 

8.1  Start-Osclllatlon  Caadltlona 

A  general  set  of  snall-slgoal  equations  describing  the  behavior 
of  a  backward-wave  device  up  to  start  oscillation  has  been  developed. 

Any  kind  of  nonunlfoTTnlty  can  be  accommodated  In  the  equations  and  Its 
effect  on  the  start-osclllatlon  conditions  can  be  determined.  A  method 
for  solving  these  equations  on  an  analog  conq;>uter  was  discussed  In  detail 
and  svich  a  method  proved  to  be  very  useful  In  this  study.  A  coupled-mode 
approach  was  also  enjoyed  where  the  coupled-mode  equations  were  modified 
to  accommodate  a  variable  circuit  phase  velocity.  For  very  weak  tapers 
a  WXBJ  approximation  was  employed  In  order  to  obtain  a  closed-form  solu¬ 
tion  through  which  the  effect  of  the  velocity  taper  on  the  start-oscilla¬ 
tion  c(nidltlons  could  be  determined. 

It  was  ccxicluded  fron  the  coupled-mode  theory  results  that  a 
circuit  phase  velocity  which  Increases  with  distance  al(»ig  the  tube  will 
always  lead  to  higher  start-osclUatlon  currents.  However,  idten  the 
circuit  i^iase  velocity  decreases  with  distance  along  the  tube  a  decrease 
In  the  staurtrOsclUatlon  current  may  result  under  certain  condltlcm. 
Several  kinds  of  tapers  In  the  circuit  phase  velocity  where  the  velocity 
decreases  with  distance  were  Investigated  on  the  analog  computer.  These 
Include  linear,  quadratic  and  exponential  tapers.  The  results  of  the 
coupled-mode  theory  and  those  from  the  analog  coaqputer  are  In  good  agree¬ 
ment.  It  can  be  generally  stated  that  If  a  uniform  tube  la  weakly 
tapered  In  such  a  way  that  the  phase  velocity  on  the  slow-wave  structure 
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decreases  with  distance^  and  if  the  tubes  are  to  oscillate  at  the 
saae  frequency,  then  the  voltage  In  the  tapered  tube  vlll  be  lover  and 
the  start>osclllatlaQ  current  nay  be  lower.  The  decrectae  in  voltage 
and  current  depend  on  the  amount  of  taper  and  the  peuraaeters  of  the 
uniform  tube.  However,  when  the  strength  of  the  taper  exceeds  a  certain 
value,  depending  (m  the  parameters  of  the  tube,  no  oscillation  can  stairt. 
Similar  results  were  obtained  for  a  beam  potential  variation  Increasing 
with  distance.  A  sinusoidal  beam  potential  variation  results  In  slightly 
higher  start-osclllatlon  currents.  The  Increase  In  the  current  depends 
on  the  focusing  lens  strength  and  the  number  of  d-c  focusing  periods. 

8.2  Efficiency  of  Tapered  Betckveuxl-Vrave  Oscillators 

A  nonlinear  analysis  using  a  Lagranglan  formulation  was  enqployed 
to  study  the  effect  of  velocity  tapers.  The  equations  were  derived  In 
a  mEumer  which  allows  the  Inclusloi  of  any  kind  of  ncxiunlformlty  In  the 
circuit  jdiase  velocity  or  the  d-c  potentlELl.  Idealized  circuit  phase 
velocity  tapers  for  ihase  focusing  an  Ideal  bunch  In  the  Interaction 
region  were  derived.  The  application  of  these  tapers  to  actual  situations 
In  backward -wave  oscillators  resulted  In  hl^r  efficiencies.  The  effi¬ 
ciency  enhancement  factors  obtained  by  solving  the  equations  on  the 
digital  computer  should  not  be  considered  as  optimum.  Other  more  elabo¬ 
rate  schemes  can  be  devised  and  Incorporated  into  the  coiqputer  program 
which  may  result  In  better  tapers  and  thus  higher  efficiencies.  It  la 
felt  however  that  the  cost  In  computer  time  would  be  prohibitive.  The 
few  cases  that  were  Investigated  do  show  the  applicability  of  the  above 
easily  derived  tapers  to  actual  situations. 

An  experimental  backward-wave  oscillator  based  on  the  Idealized 
tapers  resulted  In  efficiency  Improveaent  factors  as  high  as  two. 
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The  effect  of  a  sinusoidal  bean  potential  variation  m  the 
efficiency  was  Investigated.  It  was  shown  that  for  a  certain  lens 
strength  and  d>c  focusing  periods  higher  efficiencies  are  obtainable. 
However,  for  eaae  veQ.ue8  of  lens  strength  and  d-c  focusing  period  no 
oscillation  condition  could  be  determined. 

8.3  Prebunched-Beam  Backward-Wave  Oscillators 

It  was  shoim  that  a  prebunched  beam  can  be  effectively  employed 
in  a  backward-wave  oscillator  to  obtain  higher  efficiencies  and  decrease 
the  stcurt-osclUatlon  current.  The  applicability  of  a  psrebunched  beam 
depends  however  on  having  a  broadband  prebuncher  so  that  the  advantageous 
voltage  tunablllty  of  a  backward-wave  oscillator  will  not  be  negated. 

8.4  Depressed  Collectors 

It  has  been  determined  that  depressed  collectors  can  enhance  the 
efficiency  considerably.  The  Improvement  factor  depends  on  the  operating 
conditions  of  the  oscillator.  Optimum  collector  segment  voltages  were 
obtained  for  different  operating  condltlois.  It  should  be  remarked  here 
that  even  thou{^  a  depressed  collector  results  In  considerably  higher 
efficiencies  It  does  not  result  In  hl^ier  r-f  power  output. 

8.5  Suggestions  for  Further  Work 

In  the  coupled-mode  theory  analysis  It  was  shown  that  analogous 
to  a  nonunlform  transmission  line  where  coupling  between  the  forward  and 
backward  waves  exists,  coipllng  between  the  slow  and  fast  space-charge 
waves  exists  In  a  beam  with  a  nonunlfora  potentlsil.  This  should  be 
Investigated  further  since  this  would  seem  to  indicate  that  noise  power 
In  the  slow  space-charge  wave  may  be  transferred  to  the  fast  space-charge 
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wave  atid  thus  can  then  he  removed.  This,  as  is  well  known,  is  veiy 
deelrahle  for  low-noise  devices. 

Phase  focusing  and  collector  depression  should  he  Investigated 
further  experimentally.  It  would  he  desirable  to  Investigate  the  above 
schemes  In  a  high  power  (high  C)  backward-wave  oscillator.  It  Is  felt 
that  In  a  high  C  oscillator  the  taper  will  show  Its  effect  more  readily 
and  will  not  be  as  critical  as  In  a  low  C  (»ie. 

The  velocity  taper  can  be  designed  to  favor  one  part  of  the  fre¬ 
quency  band  over  the  other.  This  Is  because  the  C  value  and  thus  the 
efficiency  vary  across  the  band.  This  will  then  lead  to  a  lesser  degree 
of  r-f  power  variation  across  the  band  which  la  very  desirable.  It  Is 
felt  that  an  experimental  Investigation  of  this  will  be  worthwhile. 

The  increased  efficiency  In  an  oscillator  whose  beam  potential 
varies  sinusoidally  along  the  length  of  the  tube  should  be  studied  further 
so  as  to  understand  the  specific  reason  for  such  an  Increase. 


APPENDIX  A.  THE  WKBJ  SOlUTKXf  TO  THE  COUPLED-MODE  EQUATIONS  OF  A 
BACKNARD-WAVE  OSCILLATCHi  WITH  A  WEAK  CIRCUIT  TAPER 

The  equations  to  be  solved  are  Eqs.  2.69  and  2.90  and  are 
repeated  here  for  convenience, 

[  ^  +  J^c  *c^y^  *  ■ 

[  ^  ]  •b^y^  *  ■ 

In  order  to  obtain  an  equation  In  a^  alone,  differentiate  Eq.  2.90  and 
get 

n 

\diere  the  prime  Indicates  the  derivative  vlth  respect  to  y. 

From  Eq.  2.89  we  have 


and  from  Eq.  2.90 


»c  “  •  *c 


•b  + 


(A.2) 


(A.3) 


Substituting  Eqs.  A.3  and  A.2  Into  Eq.  A.l  gives 

aj  +  j  +  Pc^(y)]  •b  +  [l^l*  “  \  ]  •»>  “  ° 
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I«t  US  now  introduce  •  new  vmrieble  f(y)  which  is  leleted  to  tL^(y)  m 
follows. 


y  ^ 

-1  t  — s _ a 

^  J  2 


dy» 


(A.5) 


Substituting  Eq.  A.5  into  Eq.  A. 4  yields 


r  Pc 


0  (a.6) 


or 


f"(y)  +  r2(y)  f(y)  X  0  , 


(A.7) 


^diere 

r  p^(y)  /Pc(y) -Pb,,-, 

r^(y)  -  [|A|*  -  J  - aj  ]  .  (a.8) 

If  r(y)  varies  very  slowly  with  y  or,  in  other  words,  if  (r*)2/r®/*  and 
r  /r  ^  are  negligible,  then  one  obtains  the  following  solution. 


f(y)  =  —=Z  c,  e 


J  /r(y»)dy‘  -J  /r(y')dy' 

^  +0  0° 

2 


]  (A.9) 


and 


«b(y) 


'/r(y)  L 


k-^ 


/r(. 


•)dy» 


-J  J  r(y')dy' 

+  C  e  ° 

2 


] 


Pc  +Pb 


-J  /  -^^-5 - ^dy‘ 

•  e  o  ^ 


(A.IO) 
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Zt  Is  assumed  that  the  hean  enters  the  circuit  umsodulated,  and  therefore 
a|^(y)  -  0  at  y  -  0.  Substituting  this  condltlm  In  Eq.  A. 10  ve  find 
m  ~  Cg.  Equation  A.  10  then  beccmes 


ftb(y) 


Cl  f  ^  J  J r(y*)6y*  -j 

L*  '  “  J 


•  e 


y  h  <y’> 

K  VI 


dy* 


(A.U) 


From  Eq.  2.90  the  following  is  obtained 


•,<y) 


A. 

k  "  k  ^ 


(A.12) 


Substituting  for  a^  and  aj^  from  Eq.  A.U  Into  Eq.  A.12  and  after  sooe 
manipulation  one  obtains 


ac(y)  -  - J2r^/®  cos  J  r(y')dy*  + 


y 

-  Jr~®^*  r'J  sin  r(y')dy'j-' 


-J  / 


Pc  +Pb 


dy* 


(A.13) 


Assvnoe  that  the  noxnallzed  oscillation  length  Is  y  «  y^.  Then  at  y  «  y^, 
e_(y)  ■  0.  Substituting  this  In  Eq.  A.13  and  dividing  by 


h 

J2r^/*  sin  J  r(y*)dy'  , 


gives 
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1  ''(S'*' 


c«  J  r<yW  -  j  ^ 


(A.lk) 


Nov,  aasuae  a  certain  variation  of  (y).  Consider  a  linear  taper  and 

c 

n 

take  6  (y)  to  be 


P- ■  Pe  (i+oy)  > 

®n  ®on 


(A. 15) 


idiere  p  »  (l  +  C  Is  the  noznaUzed  phase  constant  at  y  -  0,  and 
ozx 

a  Is  a  measiire  of  the  strength  of  the  taper.  With  this  choice  of  B  (y). 


r(yj^)  Is  then  given  by. 


r(yj  -  [|li 


n*. 


2  _ _ on  -  oa 


(A.l6) 


Taking  the  derivative  of  Eq.  A.l6  and  substituting  Into  Eq.  A.l4  gives 


/  i-i  { ["  ■  ^  5r  *  ( T  \  X 


"1“'  [^  ■  j  iii^  *  ( jwX  ■  \  yT‘ 


o^c  k  (1+ay,)  -P^,  1 

onL  an.  n«J 


*“■  {*  - '  5i»  •  ( iiW  “  •  "■ 


srr 


(A.17) 
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If  we  now  MSUDiie  a  very  weak  t«^r  eueh  that 


Tl 

ijll 


OP. 

2 


«  1 


and 


Mkl 


«  1  > 


then  Eq.  A. 17  reduces  to 


cot 


/I  ^ 


3  [p.  (1  +0(y  )  -  p^ 

L  on _ n  J 


8|k|  j^l  - 


kjltl*  Rivl*'  V-c 


(i+ovi)  -Pb  1 

- on  L  on - n.  -L 


30P. 


8N®[l-  J-iq^+gj|p(p,Jl+Qy,)  -Ph^J] 


(A.18) 


(A.19) 


(A.20) 


Again  using  assu^ions  A.lS  and  A.19  gives 
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0^ 

{ IMy,  -  J  y.  *  5^  [<*=„-  ^  ♦  “*e  \)  yi 


j  k  (1  +Wi)  1 

5“^L=^]}  ■  ■■■°°  ^ 


op 

}  *  ^  4ik^  ■  ■  \  )']  •  '*•* 


Folloirlng  the  same  procedure  as  that  of  Beveosee's^^,  write  the 
lelt-hend  side  of  Eq.  A. 21  as. 


cot(A+JB)  -  — B  co8|,  B  ^ 
sin*  A  cosh*  B  +  cos*  A  sinh*  B 


(A.22) 


where, 


^1*1  «-  on  n  cai  on  n 


^  on  J 


_  on 

■  • 


(A.a4) 


For  M  very  snail  and  jkly^^  >  x/2 


sin  A  cos  A  »  sin  |k|yj^  ^cos  [kjy^  -  M  sin  jkjy^j  (A. 25) 


and  for  B  very 


00, 


•>  J  slnb  B  cosh  B  B  -  JB  ■  J 


Also  under  the  above  assumptions. 


on 


sin®  A  cosh®  B  ■  1  , 


cos®  A  slnh®  B  «  1  . 


Equation  A. 23  then  becomes 


00 

sin  Ikly^j^cos  |k|y^  -  M  sin  jkly^j  +  J 


[ 


Pc  (1  +  O^i)  -  P 


(A.26) 


(A.  27) 
(A.26) 


2  k 


b_-]  r  ”"c 

•J  1  +  J 


00, 
Mkl* 


8| 


jj|2  +otyi)  ”  ’  (^*29) 


It  Is  then  seen  from  Eq.  A. 29  that  the  start -oscillation  conditions 
are  now  given  approximately  by 


00c 


on 


-  k  (i+ovi)  ’h  1 

L  '"on  n  -I 


(A.30) 


and 


o^; 


These  results  axe  discussed  in  Chapter  ZI 


APFEHDIX  B.  SOIXJnON  OF  THE  NGSNUHIFORM  BUO  BQU4TIGHS 
OH  ms  ABALOG  CGNFiraER 


The  equations  characterizing  the  'behavior  of  a  nonuniform 
‘backward-wave  oscillator  were  presented  In  Section  ),2.  llae  solution 
of  these  equations  on  an  analog  computer  will  now  'be  discussed.  The 
equations  to  'be  solved  are. 


ay= 


(i^) 


1 

5(y) 


dS(y)  ^VcJy) 

dy  dy 


4c  fl  +  C  b)  8c?  d(l  +  C  b) 

Uy)  - 


5l/2(y)  dy  5(y)  dy 


dv„«(y)  QP 

+  J 


®  [1  -  ac 


~tt  «(y)  Pin^y^ 
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niese  equatlona  are  a  set  of  linear  dlfferentlea  equations  vlth 
variable  coefficients .  !Ihe  solution  to  such  a  set  of  equations  can  be 
handled  best  on  an  analog  computer.  In  order  to  program  these  equations 
on  the  analog  computer  they  must  be  separated  into  real  and  ImeLglnary 
parts.  Ihe  dependent  variable,  ^cn*  ^’in’  \n  are  then  split  Into  real 
and  Imaginary  components  as  follows: 

^cn  -  J  » 

Pm  “  PR  ^  J  Pi  • 

Substituting  Eq.  B.4  Into  Eqs.  B.l  through  B.3  axid  separating  the  real  and 
Imaginary  parts  gives  the  following  set  of  six  differential  equations . 

^  ^  ^o^  Y  ^  .  1  dS(y)  ^ 

dy^  V  y  i^iy)  R  e(y)  dy  dy 


J»c  (1  +  C  b)  8cf  d(l  +  C  b) 


s(y) 


dy®  \  ^^O  y  5®(y)  ^  6(y) 


d6(y) 

dy 


(1  +  C^b)2 


+  C^b)  8CJ  d(l  +  C^b) 

“T?yl  **1  lU)  **R  '  ^ 
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ay  5(y)  ay  ^  ‘  ay 


a£i/a(y) 


Pi 

^  -  dy-  pR  -  c 
'  0 


7;^  -  0  ,  (B.7) 


1 


'  ?(y) 


dy 


dy 


_  Pr 


dy 


pR  "  r  -  °  ^ 


^  dVj^  QC  ^ 

^  *^y  [1  -  2C  -/qCI^  (1  + 


9) 


dy 


ItC^  QC 


[1  -  2C  •/qC]®  ^  ■*■ 


5(y)  Pp 


dy 


.  (B.IO) 


The  procedure  for  scaling  the  above  equations  Is  the  same  as  that 
employed  by  Rowe  and  Sobol^.  Ihls  Is  dozie  by  assuming  an  approximate 
voltage  variation  on  the  circuit  of  a  imlform  BWO.  13ie  start-osclUatlon 
y  in  a  uniform  oscillator  Is  approximately 

^8,0  5  ' 


(B.U) 
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Ihe  line  voltage  can  then  he  approximately  expressed  ob, 

''cnW  ■  Jf-)  •  (»•“> 

'  O'' 

Assvmlng  Vqj^(O)  Is  unity  and  substituting  In  Eg.s.  B.l  through  B.3  It  can 

be  shown  that  the  maximum  amplitudes  of  p.„  and  u,_  are, 

in  in 


|p. 


in' 


0.4 

nZ  * 


(B.13) 


l«  I  “  -2#^ 

'in'  C 

o 


(B.14) 


Ihe  time  scale  used  Is 


T  .  -2- 

"o  ’ 


(B.15) 


idiere  t  Is  the  machine  time .  !Rie  derivatives  with  respect  to  the  machine 
time  then  become 


d 

dT  * 

(B.16) 

d2 

dt2 

C®  . 

0  dy2 

(B.17) 

Ibe  tube  analyzed  In  this  study  had  a  gain  parameter  >  0.03.  For  a 
voltage  maximum  of  0.02  the  scaling  used  Is, 

V  -  0.02  V 

P  •  5  ? 

u  ■  0.2  u  ,  (B.18) 

^ere  the  bar  quantities  represent  machine  variables.  Equations  B.l6  and 
B.17  then  becoaw, 
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dy 


-  20  P  , 


(B.19) 


-  1^00  .  (B.20) 

dy 

We  can  now  sul^stltute  the  above  quEmtlties  Into  Eqs.  throu£^ 
B.IO  and  obtain  a  set  of  equations  In  machine  variables  vhlch  can  tiien  be 
programmed  on  the  analog  computer.  !Ihls  Is  done  In  two  parts  as  follows; 


B.l  Bonunlform  Circuit  Phase  Velocity  Equatlom 

Here  the  beam  potential  is  assuned  to  be  constant  but  the  circuit 
phase  velocity  varies  with  distance  along  the  tube,  i.e.,  5(y)  •  1 
|(y)  Is  arbitrary.  Also  d  Is  assmed  to  be  zero.  Substituting  the 
machlsse  time  and  variables  In  Eqs.  B.^  throu^  B.IO  and  arranging, 
results  In  the  following  set  of  equations. 


p2  y 


(1  +  0.05  b)2  „  P5(t)  ^  0.125(1  +  0.05  b)  _ 

6®(t)  I(t)^R^  |(t)  ^  ' 

(B.21) 


p2v  .  (1-^  0.05  b)g-  ,  PS(t)  -  0.125(1  ^  0.05  b) 

*  “  -  O/  V  *T  ^  \  ^  /  \  Px 


I®(t)  5(t)‘’I 


I(t) 


(B.22) 


P  -  -  O.Ch  P  +  ■^  , 


(B.23) 


TJj  -  -  o.o4  p  , 


(B.24) 


(B.25) 


0.05  P  V - . -  - - 1-.--  4(t)  ^  ^ 

"  [1  -  0.1  VQC]^  “  X 
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Vn(0)  ■  Vt(o)  *  an  arbitrary  constemt,  (B.28) 

n  X 

PVj^l  -  (1  +  0.05  b)  Vj^(O)  (B.29) 

and 

PV_1  -  -  (1  +  0.05  b)  VjO)  (B.30) 

^|o  “ 

A  "roadmap"  ehowlng  the  analog  computer  elements  employed  In  solving  the 
above  set  of  differential  eqxiatlons  Is  shown  In  Fig.  B.l.  The  potenti¬ 
ometer  settings  are  given  In  Table  B.l.  Tbe  elements  Involved  In  the 
function  generator  are  shown  in  detail  in  Figs.  B.2  through  B.**-  for  the 
different  tapers  that  were  investigated. 


Table  B.l 

Potentiometer  Settings  for  Figure  B.l 


Potentiometer 

Ho. 

6,  8 
7,  9 
10,  11 
12,  14 


Setting 
(1  +  0.05  b)* 

0.1^(l  +  0.05  b) 

0.04 


0.05 


2kl- 
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EiaffiMTS  OF  FOIiCTICW  GHffiRATOR  FOR  IX 
VEIOCIW  TAPER,  [{(t)  «  (l  -  aT/20)] 
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VELXOT  TAPER,  [{(t)  -  (l  -  ot*AOO)] 


EUBiEinS  OF  mCTICffl  (SBRERAiTOR  10 
VEMCmr  TAPER.  Ie(T)  - 
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Fotentlcneter 


No. 

Settlna 

13,  15 

0.25  OP 

[1  -  0.1^]^  (1  +  0.05  b) 

l6 

0.5(1  +  0.05  b) 

17,  19 

-  0.5 

B.2  Monunlform  Beam  Potential  Equations 

Here  the  circuit  phase  velocity  Is  eussumed  to  Iw  constant  but  the 
beam  potential  varies  eui  a  function  of  distance  along  the  length  of  the 
tube,  l.e.,  |(y)  *  1  and  ^(y)  Is  arbitrary,  d  la  also  eissumed  to  be 
zero.  Substituting  the  machine  time  and  variables  In  E(is.  B.5  through 
B.IO  results  In  the  following  set  of  equations: 

Vp  •  -  (1  +  0.05  b)®  Vjj  +  0.125(1  +  0.05  b)  ^  ,  (B.3l) 


P*  Vj.  -  -  (1  +  0.05  b)®  Vj  +  0.125(1  +  0.05  b)  ,  (B.32) 


0.04PT^  0.04  P[?^/®(t)]  u^ 

5(t) 


C^/2(t)  ^  *  C^/*(t) 


(B.53) 


0.04  P  u^  O.04p[5^/®(t)] 

“Too  ^ 


(B.34) 
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0.05IVjj 


_ 0.25  QC _ 

[1  -  O.In/qC]®  (1  +  0.05  b) 


0.05IVj. 


_  0.25  QC _ _ 

tl  -  0.1n/qC]2  (1  +  0.05  b)  ^ 


51/2(t)  ■  51/2(^) 


(B.56) 


The  initial  conditions  are  given  by  Eqs.  B.27  through  B.30. 

For  the  sinusoidal  beam  potential  variation  where  5(y)  >  l-A  cos 
ay,  the  following  approximations  were  made. 


1 

iiy) 


1  +  A  cos  ay  , 


1 

?^(y) 


1  +  2A  cos  ay  , 


^2(7)  “  1  +  I A  cos  ay  .  (B.37) 

A  "roadmap”  showing  the  analog  computer  elements  employed  in  solving  the 
above  set  of  equaUons  is  shown  in  Pig.  B.5.  The  potentiometer  settings 
are  given  in  Table  B.2.  The  elements  involved  in  the  function  generator 
are  shown  in  detail  in  Pigs.  B.6  through  B.9  for  the  different  nonuni- 
foimlties  -that  were  inves-tigated . 


,M'' 

mV 


.248' 


I  S(  t)  ■  ( 1  +  at^/ifoo)  ] 
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no.  B.9  lOIlCTKBI  GSMEIWIOR  EISfENTS  FOR  SINOSOIBAL  BEAM  FOIBrFIAL  VARIATICBf. 


Potentiometer 


Potentiometer 

Ko. 

6,  7 

8,  9 

10,  11,  12,  13 

14,  16 

15,  17 

18 

19,  21 

20 
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LIST  (F  SmSOIiS 


A  Nomalized  amplitude  of  the  output  r-f  wave. 

0 

A(y)  Normalized  amplitude  of  the  r>f  wave  along  the  tube. 

A.  (y)  Normalized  amplitude  of  the  d-c  gradient  potential  along 

the  tube. 


A^  Fourier  amplitude  coefficient  of  cosine  components  In 

Fourier  expansion  for  charge  densli^. 

a.  The  forward  and  backward  modes  on  a  transmission  line,  or 

the  fast  and  slow  space -charge  modes  on  an  electron  beam. 


The  backward -wave  mode  on  the  clrciiit. 


The  slow  space -charge  mode  on  the  electron  beam. 


a* 


Mean  radlvis  of  the  transmission  llzse,  m* 


B  large  ^signal  space -charge  range  parameter. 

(Db'd  + 

B  Fourier  ampUtxade  coefficient  of  sine  components  in  Fourier 

”  expansion  for  charge  density. 


b(y) 

b(z) 

b' 

^o 

C(z) 


Relative  velocity  parameter  of  the  electrons  and  the  cold 
circuit  wave  in  the  uniform  section  of  the  tube, 

“o-VVo* 

Relative  velocity  parameter  at  any  point  along  the  tube  In 
normalized  coordinate  system,  u^-VQ(y)/CQVQ(y). 

Relative  velocity  parameter  at  emy  point  along  the  tube  in 
the  (z,t)  coordinate  systoa,  Uq-Vq(z)/CqVq(z) . 

Radius  of  the  electron  stream,  m. 

Interaction  parameter,  defir»d  by  C®  ■  ^o^o^^^o* 

Capacltaxice  per  unit  length  of  a  nonuniform  treuismlsslon 
line,  farads/m. 

Velocity  of  light  in  free  space. 

Ohmic  circuit-loss  factor,  O.OI836  l/C^* 

The  electric  field  intensity,  volts/m. 

The  r-f  electric  field  on  the  circuit,  volts/m. 
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Ihe  r-f  space -charge  field,  volts/m. 

!Ihe  d-c  electric  field,  volts /m. 

R-f  energy  dissipated  on  the  circuit.  Joules. 

D-c  team  input  energy.  Joules. 

D-c  energy  given  to  the  collector.  Joules. 

R-f  input  energy.  Joules. 

R-f  output  energy.  Joules. 

!Ihe  electronic  charge,  couloahs. 

Space -charge  weighting  function. 

Frequency,  cycles/sec. 

Glgeu^cles  =  10®  cps. 

!nie  magnetic  field  Intensity,  amperes/m. 

Modified  Bessel  function  of  order  m. 

D-c  hesm  current,  amperes. 

Ihe  r-f  current  on  the  circuit,  amperes. 

Ihe  total  team  current,  amperes. 

The  r-f  hean  current,  amperes. 

The  convection  current  density,  amperes/m®. 

The  Inductance  per  unit  length  of  a  nonuniform  transmis¬ 
sion  line,  henrys/m. 

The  series  loss  in  dh  per  wavelength  on  a  nonuniform 
transBiisslon  line. 

The  mass  of  an  electron,  kg. 

The  nuaher  of  stream  wavelengths  in  a  dlstsmce  z. 

The  nunter  of  d-c  focusing  periods  in  an  electrostatically 
focused  tube. 

The  znuher  of  electron  groiqis  per  r-f  cycle . 

An  index  of  Fourier  components  of  charge  densl'ty. 

The  power  flow  along  transmission  line,  watts. 
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I. 

i 

i 


p  Helix  pitch,  Inches. 

QC  Space -charge  paraneter . 


q,(y)  Normalized  cold  clrcvilt  phase  velocll^  at  azty  point  along 

the  tube,  m/sec. 

r(z)  Series  resistance  per  unit  length  of  a  nonunlform 

transmission  line. 


R 


Electron-plasma-frequency  reduction  f suitor. 


t 


Clock  time,  sec. 


u(2,t^j) 


Entrance  time  of  Jth  electron  group,  sec. 

The  total  beam  velocity,  m/sec. 

Average  electron  velocity  In  the  strean,  m/sec. 

The  r-f  beam  velocity,  m/sec. 

When  multiplied  by  2CqUq  represents  the  chcuage  In  velocity 
of  the  Jth  electron  from  the  average  velocity  Uq,  In 
normalized  coordinate  system. 

When  multiplied  by  2CqUq  represents  the  chsuige  in  velocity 
of  the  Jth  electron  from  the  average  velocity  u^,  in  (z,t) 
cooidlnate  system. 

Total  velocity  of  the  Jth  electron  at  the  yj^th  level, 
equal  to  u^  [1  +  aC^uCy^^  ,<Pqj  )  ] . 

The  d-c  beam  voltage,  volts. 

The  beam  kinetic  potential,  volts . 

The  potentlsd  of  the  1th  collector  segment,  volts . 

D-c  voltage  along  the  tube  In  normalized  coordinate  system, 
volts . 


V.  (z)  D-c  voltage  sd.ong  the  tube  In  (z,t)  coordinate  system, 

volts . 


Vg(z,t) 


VBc^(a,t) 


The  r-f  circuit  voltage,  volts. 

The  gap  modulatlzig  voltage,  volts . 

The  equivalent  r-f  potential  of  the  Jth  electron  group, 
volts. 


The  space -chsuTge  potentleJ.,  volts 
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Vo(y) 

v(y) 

v(z) 

V 

^ps 

x(y) 

y 

ys,t 


Ihe  COM  circuit  phase  velocity  In  the  unlfom  section, 
m/sec. 

Ihe  cold  circuit  phase  velocity  at  any  point  along  the 
tule.  In  normalized  coordinate  system,  m/sec. 

dhe  cold  circuit  phase  velocity  at  any  point  alcnig  the 
tube  In  the  (z,t)  coordinate  system,  m/sec. 

Acttial  r-f  phase  velocity  along  the  circuit  In  the 
normalized  coordinate  system,  m/sec. 

ActuaO.  r-f  phase  velocity  along  the  circuit  In  the  (z,t) 
coordinate  system,  m/sec. 

dhe  phase  velocity  of  the  fast  space -charge  vave,  m/sec. 

The  phase  velocity  of  the  slov  space-charge  vave,  m/sec. 

Hoimcdlzed  electron  group  velocity  In  the  normsdlzed 
coordinate  system. 

Hormallzed  distance  equal  to  (®/u^)  C^z. 

Hozmallzed  oscillation  length  of  a  tapered  tule. 

Hoimallzed  length  at  which  taper  starts. 

The  characteirlstlc  lmpedazu:e  of  a  nonuniform  transmission 
line,  ohms. 


The  Impedance  of  an  electron  beam  vlth  a  noniinlform 
potential,  ohms. 


z  Distance  along  the  tube,  m. 

a  A  taper  parameter  which  designates  the  strength  of  the 

circuit  phase  velocity  taper  or  the  voltage  gradient. 


D(z)  Actual  phase  coxistant  of  ti’ansmlsslon  line,  ®/v(z), 

radleu3s/dt. 

D^(z)  Undisturbed  phe^e  constcmt  of  nonuniform  transmission  line, 

®/vg(z),  radlws/m. 

,  Ruuse  constant  of  uniform  electron  beam,  ®/\1q,  radlans/m. 

3g(y)  Phase  constant  of  nonuniform  electron  beam,  ©/u^Cy),  in 

normalized  coordinate  system. 


Free -space  phase  constant,  ®/c,  radlans^i. 
Plaooa  propagation  constant,  eo^u^,  imdlans^. 


r 

S 

5(y) 

n 

n 

% 

% 

e(y) 

0(z) 


p(yi<p) 

P(2,t) 

‘Poj 

<p(y,<Po) 


Rediiced  plasma  propagation  constant,  radians/a. 

Radlad  propagation  constant,  equal  to>/i*>i^  ,  radians /m. 

Bexnlttlvity  of  free  si>ace,  farads/m. 

Parameter  designating  the  d-c  voltage  variation  along  the 
team. 

Ratio  of  charge  to  mass  for  an  electron,  e/m,  kg/coul. 
Interaction  efficiency. 

Electronic  efficiency. 

Overedl  efficiency. 

Ihe  phase  lag  of  r-f  wave  relative  to  electron  stream  at 
any  point  along  the  tube  in  normalized  cooirdinate  system, 
radians. 

Phase  lag  of  r-f  wave  relative  to  electron  stream  at  any 
point  along  the  tube  in  the  (z,t)  coordinate  system, 
radians . 

Free  space  wavelength,  c/f,  m/sec. 

Wavelength  along  the  electron  beam,  u^/f,  m/sec. 

Permeability  of  free  space,  henrys/m. 

Parameter  representing  the  circuit  phase  velocity  vari¬ 
ation  eJ.ong  the  structure. 

D-c  space -charge  density,  coulombs/m. 

R-f  space -charge  density,  coiilombs/m. 

Instantaneous  r-f  space -charge  density  in  the  beam  in  the 
normalized  coordinate  system,  coulombs/m. 

Instantaneous  r-f  space -charge  density  in  the  besm  in  the 
(z,t)  coordinate  system,  coulcmbs/m. 

Entrance  phase  of  the  Jth  electron  groxqt,  radians. 

Phase  of  r-f  wave  at  position  y,  relative  to  the  refer¬ 
ence  position  crest  of  a  cosine  wave  tdiich  entered  the 
tube  at  y  «  0,  9^  «  0,  radians. 

Riase  of  jth  electron  group  at  distance  y,  relative  to  the 
r-f  wave,  radians. 
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(p(z»t  )  Riase  of  r-f  wave  at  z  relative  to  the  referezice  positive 

crest  of  the  wave  at  z  -  0,  t^  >  0;  radlaos. 

(p(z,t  . )  Phase  of  Jth  electron  group  at  distance  z,  relative  to  the 

"  r-f  wave,  radlcuas. 

(p.  Cie  phase  angle  at  >dilch  a  '^ard -kernel -huxich"  Is  focxised, 

radians. 


0)  Angular  frequency  of  r-f  wave,  radlans/sec. 

CD  Electrcm  plc^a  frequency,  defined  hy  oof  «  b'®  u^, 

P  radlans/sec.  p  •  o'  o  o* 


Effective  electron  plasms  frequency  for  a  finite  bean, 
equal  to  OpR,  radlans/sec . 
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